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Der Dekan

Vorwort des Herausgebers
Die vorliegende Promotionsschrift von Herrn Dr.-Ing. Zarghaam Haider Rizvi ist
dem Forschungs- und Arbeitsgebiet „Bodenmechanik“ und der „Numerischen
Modellierung“ zuzuordnen. Die in der Arbeit zugrundeliegende Problemstellung
hatte sich in der Bearbeitung von offenen Fragen auf dem Gebiet der EnergieGeotechnik ergeben, ist allerdings durch die Verallgemeinerung der numerischen
Entwicklung auf jedem Gebiet der Geotechnik nutzbar. Die Zielstellung der
Promotionsarbeit liegt auf der Entwicklung einer geeigneten numerischen
Simulationssoftware auf einer Mikro- und Mesoskala für gekoppelte thermohydro-mechanische Problemstellungen unter Einbeziehung von Bruchprozessen
in zementierten Geomaterialien für kleine Deformationsfelder. Letztlich ist das
Ziel, auftretende Strukturprozesse in Geomaterialien auf der Mikro- und
Mesoskala zu analysieren und integrales Bodenverhalten sowie effektive
Bodenparameter aus einem entsprechenden repräsentativen Volumenelement
bestimmen zu können. Mit der Fragestellung von gekoppelten thermo-hydromechanischen Belastungen unter der expliziten Berücksichtigung von
Bruchprozessen in porösen Geomaterialien besteht die Frage nach dem zu
nutzenden numerischen Modell für die Entwicklungen. Durch die Nutzung der
Lattice-Elemente-Methode als Basis der Entwicklungen wurde ein
weiterentwickelter Ansatz aus der Modellfamilie der Rigid-Body-Spring-Network
genutzt. Dadurch ist es erlaubt, Bruchprozesse auf zwei- und dreidimensionaler
Ebene mit beliebigem Risspfad oder Rissverzweigungen ohne erforderliche
Vorabdefinitionen oder Rissverfolgung selbstorganisierend zu simulieren.
Die Dissertationsschrift beinhaltet die konsequente Weiterentwicklung des
zugrundeliegenden Ansatzes hinsichtlich gekoppelter thermo-hydro-mechanischer
Belastung von Geomaterialien und –strukturen. Mit der Neuentwicklung der
thermischen Feldsimulation auf der Mikroebene, der T-LEM und der Entwicklung
der hydraulischen porenbasieren Feldsimulation auf der Mikroebene, der P-LEM,
ist in der Kopplung mit den mechanischen Modellen ein sehr kraftvolles
gekoppeltes Simulationswerkzeug, die THM-LEM, entstanden. In zahlreichen
Validierungsstudien wurde durch verschiedene experimentelle Analysen die
Leistungsfähigkeit und hohe Prognosefähigkeit der entwickelten Methode in der
Dissertationsschrift dokumentiert. Mit der vorliegenden Entwicklung können
nunmehr Bruchprobleme, auftretendes nichtlineares Bodenverhalten und effektive
Bodenparamater in THM-belasteten Geomaterialien sehr realitätsnah abgebildet
werden.

Kiel, im Mai 2019

Frank Wuttke
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Abstract
Among the most important, challenging and exciting recent steps forward in
geoengineering is the development of the coupled numerical method. As most of the
geomechanical interactions are at mesoscale, a numerical method based on this scale is
better suited to capture the failure which is included in ad hoc, manner based upon fitting
parameters in material models in continuum-based modelling such as FEM, BEM and
FDM. The mesoscale models, such as the DEM, LEM represent the fundamental physics
of geoengineering processes which can include the effects complex interactions of heat,
moisture and mechanics of multi-particle interaction. The method is best suited to estimate,
evaluate, optimise and develop new knowledge in this field based on rigorous
mathematical and physical sense. These models provide an inherent focus for the wide
range of geoengineering disciplines such as heat transfer in cemented and loose granular
media, thermal cracking of rocks under thermo-hydro-mechanical process, hydraulic
fracturing of rocks, bio-cementation for geotechnical application, the coupled problem of
nuclear waste disposal and CO2 contamination.
In this thesis, a Lattice element modelling method is developed and is applied to
model the loose and cemented, natural and artificial, granular matters subject to thermohydro-mechanical coupled loading conditions. In lattice element method, the lattice nodes
which can be considered as the centres of the unit cells, are connected by cohesive links,
such as spring beams that can carry normal and shear forces, bending and torsion
moment. For the heat transfer due to conduction, the cohesive links are also used to carry
heat as 1D pipes, and the physical properties of these rods are computed based on the
Hertz contact model. The hydro part is included with the pore network modelling scheme.
The voids are inscribed with the pore nodes and connected with throats, and then the
meso level flow equation is solved. The Euler-Bernoulli and Timoshenko beams are
chosen as the cohesive links or the lattice elements, while the latter should be used when
beam elements are short and deep. This property becomes interesting in modelling
auxetic materials. The model is applied to study benchmarks in geotechnical engineering.
For heat transfer in the dry and full range of saturation, and fractures in the cemented
granular media.How through porous media failure behaviours of rocks at high
temperature and pressure and granular composites subjected to coupled Thermo hydro
Mechanical loads. The model is further extended to capture the wave motion in the
heterogeneous granular matter, and a few case studies for the wavefield modification with
existing cracks are presented. The developed method is capable of capturing the complex
interaction of crack wave interaction with relative ease and at a substantially less
computational cost.

Zusammenfassung

Zu den wichtigsten, anspruchsvollsten und aufregendsten Fortschritten im geotechnischen Bereich
der jüngsten Zeit gehört die Entwicklung der gekoppelten numerischen Methodik. Da die meisten
geomechanischen Wechselwirkungen mesoskalig sind, ist eine auf dieser Skala basierende
numerische Methode besser geeignet um die Materialversagenseffekte zu erfassen, welche auf Adhoc-Weise enthalten sind, basierend auf Anpassungsparametern in Materialmodellen in der
kontinuumsbasierten Modellierung wie bei FEM, BEM und FDM. Diese mesoskaligen Modelle
repräsentieren die grundlegende Physik geotechnischer Prozesse, die die Auswirkungen von
Wärme, Feuchtigkeit und der Mechanik der Partikel-Interaktion umfassen können. Die komplexen
Wechselwirkungen dieser Physik konnten leicht mit mesoskaligen numerischen Methoden erfasst
werden. Die Methode eignet sich am besten zur Abschätzung, Bewertung, Optimierung und
Entwicklung neuer Erkenntnisse auf diesem Gebiet, basierend auf streng mathematischen und
physikalischen Zusammenhängen. Solche Modelle bieten einen inhärenten Fokus für die breite
Palette geotechnischer Disziplinen wie die Wärmeübertragung in zementierten und losen
granularen Medien, das thermische Cracken von Gesteinen unter thermo-hydro-mechanischen
Prozessen, das hydraulische Aufbrechen von Gesteinen, das Einleiten und die Ausbreitung von
Rissen in Ton und aus Verbund-Ton-Dichtungsbahnen, Bio-Zementierung für geotechnische
Anwendungen, thermomechanische Charakterisierung von Nano-Geo-Verbundwerkstoffen und das
damit verbundene Problem der Kontamination durch Atommüll.
In dieser Arbeit wird ein mesoskaliges Modellierungsverfahren entwickelt, mit dem lockere und
zementierte, natürliche und künstliche granulare Medien modelliert werden, die thermo-hydromechanischen Belastungsbedingungen ausgesetzt sind. In den Lattice-Element-Modellen sind
Gitterknoten, die als die Zentren der Elementarzellen angesehen werden können, durch Balken
verbunden, die Normalkraft, Scherkraft und Biegemoment aufnehmen können. Diese
Verbindungen werden auch dazu verwendet, Wärme als 1D-Rohre zu transportieren. Die
physikalischen Eigenschaften dieser Stäbe werden auf der Grundlage des Hertz-Kontaktmodells
berechnet. Der hydrologische Bestandteil ist im Modellsystem für Porennetzwerke enthalten. Die
Knoten werden mit den Porenknoten beschrieben und die Flussgleichung auf Meso-Ebene wird
gelöst. Die Euler-Bernoulli- und Timoshenko-Balken werden als Lattice-Elemente ausgewählt,
während letztere verwendet werden sollten, wenn Balkenelemente im Gitter kurz und tief sind.
Diese Eigenschaft wird bei der Modellierung auxetischer Materialien interessant. Diese
Strahlverbindung leitet die Wärme von einem Korn zu den benachbarten Körnern. Der
Stoffaustausch in Form von flüssigem Wasser wird mit der in der Voronoi-Zelle eingeschriebenen
Sphäre mit der aus der Perkolationstheorie berechneten Verbindungsdicke erfasst. Das Modell wird
angewendet, um Benchmarks in der Geotechnik zu studieren. Das Modell wird weiter erweitert,
um die Wellenbewegung in dem heterogenen granularen Medium zu erfassen, und es werden
einige Fallstudien vorgestellt. Die entwickelte Methode kann die komplexe Interaktion relativ
einfach und mit erheblich geringerem Rechenaufwand modellieren.
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Chapter 1
Introduction
Read: In the name of your Lord Who creates, creates man from a clot. Read: And
your Lord is the Most Bounteous, Who teaches by the use of the pen, teaches man that
which he knew not.
Quran 96:105

1.1

Background

Fractures are omnipresent in all forms, such as joints, faults, veins and bedding planes in the
crustal rocks and micro and meso cracks in loosely bounded geomaterials. These discontinuities often are comprised of complex networks and dominate the thermal, geomechanical
and hydrological behaviour of subsurface geomaterials. Understanding of the nontrivial
evolution of fractures due to thermo-hydro-mechanical (THM) loads is a challenging issue
which is relevant to many engineering applications such as underground construction, enhanced geothermal systems, unconventional shale gas production (fracking), groundwater
management and radioactive waste disposal. The importance of the presence of complex
fractures, which can result in heterogeneous stress fields and channelised fluid flow pathways
in highly disordered geological formations, has promoted the development of sophisticated
numerical models for intact and fractured rocks.
The first difficulty in modelling heterogeneous cemented granular media subjected to
thermo-hydro-mechanical loads for fracture scenario is the geometrical representation of
complex three-dimensional (3D) discontinuity systems. Natural fractures form under certain
complex self-organised multi-physics, where breakage and fragmentation can occur at all
scales. They are subject to in-situ stress fields, temperature and intruding fluid pressure
at depth and can form intricate topologies, such as cross-cutting, abutting, branching, ter-
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mination, bends, spacing and clustering. However, direct observation of the detailed 3D
structure of rocks exposed to hydro-mechanical loads (i.e. fracking) or drilling at depth for
thermo-hydro-mechanical loads (i.e. geothermal energy drilling) the availability of fracture
networks evolution with time at these depths in the crust is impossible. Field data are usually
collected from lower dimensional limited exposures, e.g. one-dimensional (1D) borehole
logging and two-dimensional (2D) outcrop mapping. Seismological surveys may be able to
locate 3D large-scale structures, but the current technology can hardly detect widely-spread
medium and small fractures due to the resolution limit and is expensive. The description of
evolving fracture geometries, therefore, has to primarily rely on extrapolations, from 1D/2D
to 3D and from small samples to the whole study domain. Hence, the question of how to
model these evolving fracture networks in realistic manner remains an unresolved issue.
Often simplifications have to be made by ignoring some details of less importance for the
particular questions at hand.
The second fundamental issue in modelling rocks and cemented granular media is to
solve the fracture and solid mechanics problems of the discontinuous geological media under
complex boundary conditions, i.e. the fractured rock mass mechanical response to boundary
stresses or displacements. When the spacing of natural fractures is comparable to the scale
of interest of the problem to be modelled, the conventional continuum approach may not be
adequate to capture some critical mechanical behaviour of fractured rocks, such as fracturing
of intact rocks, interaction of multiple fractures, and opening, shearing and dilatancy of
rough fracture walls. Thus, many computational schemes based on an extended continuum,
discontinuum, or hybrid continuum-discontinuum methods have been developed to solve a
numerical system with fracture geometries explicitly represented.
Another critical question is about the behaviour of cemented geomaterials under thermohydro-mechanical conditions. Fractures may evolve and deform the fabric of geomaterial in
response to geological and/or man-made perturbations (e.g. tectonic events, underground
excavations), resulting in changes of bulk permeability and fluid migration. The intricacy
of such coupled hydromechanical (HM) processes is increased if the presence of dynamic
loading and crack initiation and propagation associated with topological complexities are
to be considered. The quest for a means of quantifying the influence of coupled stresses on
the effective physical parameters such as permeability, thermal conductivity, elasticity and
Poisson’s ratio of the evolving fractured reservoirs has been primarily driven by the motivation
from geothermal and petroleum engineering. The understanding of contaminant migration
through tectonically strained formations is also crucial for the groundwater community and
nuclear waste management.
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In light of the scenarios as mentioned above, a coupled Thermo-Hydro-Mechanical(THM)
lattice element based model is presented here to solve the complex crack initiation and
propagation in rocks and cemented granular media. The lattice model is extended to capture
heat transfer in loose granular media too. The model is then upgraded to incorporate the
behaviour of cemented granular media such as rocks and concrete for dynamic loads.

1.2

Modelling techniques in geomechanics

The fracturing of geomaterials can be geomechanically modelled based on a continuum,
discontinuum approaches. Displacement compatibility forms the basis of this classification. The scale of the problem and the complexity of the system also plays a vital role in
determining the choice of a continuum or discontinuum modelling schemes. The higher
efficiency of a continuum approach in large-scale handling problems is of an advantage.
Incorporation of complex fracture networks, fragmentation process and multi-fracturing of
models are advantages of the discontinuum method. In this section, we review the – the
continuum/extended- continuum, the block-type discontinuum, the particle-based discontinuum and hybrid finite-discrete element approaches – which are most popularly used for
modelling the Geomechanical behaviour of geomaterials. However, due to a very vague
boundary between the two methods, the categorisation, as mentioned above, is not absolute.
Many of the discontinuum methods can handle continuous deformations; however, advances
in continuum methods now include contact algorithms and fracture mechanics, to overcome
the discontinuities. Conventionally, a continuous body in the Finite Element Method (FEM)
or Finite Difference Method (FDM) involves a rock or cemented granular domain. These
also include a fractured rock with one or many fractures.

1.2.1

Continuum and extended-continuum models

Conventionally the continuum approach was carried out in such a way that the rocks or
cemented granular domains were treated as continuous body and Finite Element Method
(FEM) or Finite Difference Method (FDM) were used for solving the problem. Their
applicability was limited to fractured rocks with many fractures being in the range of a
few to large. For systems consisting of few discontinuities with displacements/rotations in
small quantities, Special „Interface Elements“ also known as joint elements can be used for
modelling discrete fractures. These Interface elements are forced to have fixed connectivity
with the solid elements. However, it is challenging to implement dynamics and large
displacement problems of natural fracture systems using such treatments. The modelling

4

Introduction

domains are divided into a finite number of grid blocks when the density of fractures is very
high, and homogenisation techniques are used for deriving the equivalent properties that
are assigned to these grid blocks. Estimation of the equivalent properties which include in
this case the bulk modulus and strength parameters is done using empirical formulations by
taking into account the effect of degradation of pre-existing fractures and analytical solutions
derived from the crack tensor theory. Based on the geometric properties of the fractures
(i.e., length, orientation and aperture), the crack tensor theory computes the parameters
normalised to the volume. These are further extended to account for the stress and fluid flow
coupling. FEM and FDM solvers integrate the crack tensor theory and thereby model the
geomechanical and HM behaviour of fractured rocks. The grid block discretisation plays a
significant role in the correctness of the simulation results. This becomes more important
when the block size is much smaller than the Representative Elementary Volume (REV). A
recent development marked in this field is the Extended Finite Element Method (XFEM)
based on the extended-continuum model for simulating fluid-driven fractures. They are
unique in a way that they can represent fracture propagation without re-meshing. However,
the fracture surface which follows a tracking algorithm works well for 2d where the crack is
defined as a line but becomes computationally impossible for 3D cases.

1.2.2

Block discontinuum models

The Distinct Element Method (DEM) is included with an explicit solution scheme, and the
Discontinuous Deformation Analysis (DDA) are included with an implicit solution scheme in
the Block discontinuum models. The fractured rocks are depicted in terms of an assemblage
of discrete elements which are bounded by intersecting discontinuities in this discontinuum
modelling framework. Implementation of the combination topology technique is one way of
identifying the geometry of the interlocking block structures, which is the first step in this
technique. In the later computational stages, these blocks are assumed to be deformable subdomains or rigid bodies which are further discretised by finite difference/volume grids. The
interactions between them are continually monitored during their deformation and motion by
the process of spatial detection.

1.2.3

Distinct element method (DEM)

This method was first developed by Cundall and was later converted into many noncommercial and commercial codes. The basic computation of this method involves the
following steps. The first step is the identification of the contacts between the blocks following by successive update based on space detection. The second step consists of the estimation
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of the contact forces between the discrete bodies based on their relative positions. In the third
step, based on Newton’s second law, for every element, the acceleration produced by the force
imbalance is computed. Finally, on the time integration of new positions, the velocity and the
displacement values are obtained. To carry out a systematic iteration, an explicit time marching scheme is employed. This is done until the complete simulation of the block interaction
process. A compliant contact model captures the mechanical interaction between the blocks
by taking into account the virtual „interpenetration“. These are governed by the assumed
finite stiffness and are used to estimate the contact forces in the normal and the tangential
direction. For simulating the normal and shearing behaviour of the joints, the empirical joint
constitutive laws into the interaction calculation in an incremental form is employed. These
laws were derived from laboratory experiments. During modelling in quasi-static conditions,
to reduce the dynamic effects, one may introduce a viscous damping parameter. Even though
some of the aspects of failure process of rock-mass is captured through plastic yielding, it is
not possible with the aid of classic DEM formulations to simulate the propagation of new
fractures of intact rocks driven by stress concentration. To overcome this limitation, recently
Voronoi or Trigon discretisation are introduced in matrix blocks, thereby allowing fracturing
along internal „grain“ boundaries to be governed by tensile and shear failure criteria. Using
dual-scale tessellation, it is also possible to integrate fracture representation into such a
DEM model in a way that the natural fractures are represented using the primary grid, and
secondary networks represent the microstructures. Realistic depiction of natural grain shapes
and textures find their importance under the uncertainty of the Voronoi/Trigon DEM model
due to mesh dependency.

1.2.4

Particle-based discontinuum models

A commercial code, particle flow code (PFC) was evolved originally to simulate granular
materials like soil and sand by the particle-based dis-continuum model (Cundall and Strack).
Newton’s second law for an explicit time-marching scheme expands the use of PFC to
calculate inertial forces, velocities and displacements of interacting particles, like the blocktype DEM method. The rigid circular (in 2D) or spherical (in 3D) shaped discrete particles
are known to have larger variable sizes even than the physical grain scale. In Potyondy
and Cundall’s bonded particle model (BPM), breakage and coalescence of the inter-particle
cohesive bonds lead to the simulation of macroscopic fracturing and assemblage of cemented
rigid particles for the intact rocks, extending the PFC to model the rock materials. In PFC,
characterisation of particle interactions is carried out based on two bond types: contact bond
model and parallel bond model. The contact bond transmits forces between two particles
through their contact point, performing as a linear elastic spring exhibiting normal and shear
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strengths. In a parallel bond model, to resist the separation under tension, rotation and
shear between two particles, they are joined by specific normal and shear stiffness. As a
cement-like behaviour along the resistance to bending moments is captured for simulating
rock materials in a parallel bond model, it is more preferred. A hierarchical bonding structure
is built using a clump logic or cluster logic, to improve the realistic rock strength ratio (the
ratio of uniaxial compressive strength to tensile strength) and macroscopic friction angle
by PFC. A higher value of intra-cluster bond strength (the strength between particles in the
same cluster) is defined in the cluster/clump logic, than that of the strength between cluster
boundaries, similar to the interlocking effect of irregular grains. The commercial code PFC
has been introduced to an alternative YADE, a platform for an open-source particle-based
modelling. In YADE, similar to PFC with the help of a contact bond algorithm, based on the
ruptured intensity of inter-particle bonds, the intact rocks are glued using discs or spheres
modelling the fracturing process. In order to avoid the particle interlocking effect on sliding
fracture surfaces, a join contact logic equal to the SJM has been employed in YADE.

1.2.5

Hybrid finite-discrete element models

The combination of finite element analysis that includes discrete element solutions for
transient dynamics, contact detection and interaction with that of stress and deformation
evolution forms the hybrid finite-discrete element method (FEM-DEM or FDEM). The
DEM algorithms trace the translation, rotation and interaction of multiple rock blocks, while
the FEM solver calculates the internal stress field between the discrete matrix blocks, in a
discontinuum modelling scheme. Internal boundaries in rock volumes are representations
for the pre-existing fractures in these rocks. Integration of fracture mechanics principle into
the formulation enables the FEM-DEM algorithms to model the transitional behaviours of
brittle or quasi-brittle material from continuum to discontinuum (by fracturing process). The
simulation of the mechanical processes for pre-existing discontinuities in geological media
is carried out using an open-source platform Y-code and a commercial software ELFEN,
the two common types of FEM-DEM models. These two models vary in their respective
implementations of discontinuum. Y-code involves the embedding of joint elements in the
interfaces of finite elements (along with fractures and inside intact domains) by a fullydiscontinuous mesh. Whereas, ELFEN consists of the embedding of joint elements in
pre-existing or propagated fractures only, by a partially-discontinuous discretisation.
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Lattice Element Method

The concept of lattice elements could be very similar to cohesive discrete element method
(DEM). In this method, the rigid particles are kept together by cohesive forces as well.
The discrete element method is generally applied to significant displacement problems of
granular media to model the post-failure extensive plastic failure regime which is quickly
captured by rearrangement, rotation and rolling of the circular grains. In DEM, for each
particle, the equation of motion is solved; thus, the speed and computational cost is rising
exponential with an increase in the number of particles (Cundall and Strack, 1979). Moreover,
the interaction among the particles sands the collision between the particles with contact is
involved during the simulation. With the standard discrete element method, computation
of only the contact forces between the particles is possible, and one cannot determine the
stress distribution at the particle scale. Lattice models are well suited for simulating smalldisplacement problems, especially with localized failure resulting in cracking mechanisms
where stress concentrations and its redistribution upon cracking is more important. This
usually occurs under quasi-static conditions, which is in contrast with DEM where dynamic
equations of motion of each particle are solved. In most quasi-static lattice models, rigid
particles are not programmed for collision with contact detection and interaction like in DEM,
mostly because there are no larger movements and significant changes in particle topology.
The critical aspect is to capture the crack propagation between the particles while the
particle connectivity is preserved from the beginning. This is suitable for tension and shear
tests where no major collisions of the loose particles of the material are expected. The
primary role of the particles is in computing the stiffness parameters where larger particles
bring more stiffness to their cohesive link. Despite being applied mostly to quasi-static
loading conditions, the lattice elements can also be used for simulation of dynamic problems
as well. The broad applicability of this model is ranging from the quasi-static uniaxial loading
and shearing of geomaterials to the dynamic fragmentation due to explosion, impact and
collision of solids. The lattice model is also developed for dynamic problems with contact
interaction and detection between the unbonded Voronoi cells which are kept together before
failure by massive displacement geometrically exact shear deformable beams as cohesive
forces. The model is suitable for impact simulations in which cracks occur as a result of
large movements of the rigid Voronoi particles.
Lattice element method was first introduced by Hrennikoff (1941)and the paper of and
later by Kawai(1978) and Kawai et al. 1978, in which they developed the truss framework
to discretize the elastic continua. The lattice model is defined as an assembly of discrete
cohesive link elements for the representation of structural solid. This simplification of
continua is not a rudimentary assumption for solids or structures, and reliable results are
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produced at a lighter computational cost. Moreover, efficient representation of some aspects,
which are not easily tackled with simplicity and successful description of the localized failure
and cracking mechanisms are the essential features that led to the rapid development of
lattice models. Failure and cracking mechanisms can be simulated straightforwardly usually
by detecting if any lattice element which represents the cohesive force between the particles
has reached a particular failure criterion. This failure criterion could be based on Linear
Elastic Fracture Mechanics (LEFM) or the classical failure models. Once the limiting value
is reached, the cohesive fracture is initiated, leading to the gradual separation of the crack
surfaces across the cohesive zone. This simple assumption helps in bypassing the issue of the
singularity of the stress at the crack tip, which is present in linear elastic fracture mechanics.
Additionally, with lattice models, it is possible to simulate multiple cracks without worrying
about numerous crack interactions.

1.4

Research objectives

There are five main research objectives formulated in progressively incorporating the complexity to the development, which leads to the target of the mesoscale computational method
to model the multiphysics phenomenon for geotechnical engineering problems. The tasks
are itemised as follows
• To develop a numerical model to effectively and efficiently model heat transfer in
the granular system for the full range of saturation and computed the effective thermal
conductivity(ETC) and validate with the experimental results.
• Extension of the lattice mechanical models with embedded discontinuity element to
model the weak cemented granular system and thus to numerically characterise the material.
• Development of the fluid flow lattice model based on pore network modelling to
characterise the flow in cemented and loose granular system considering the pore and throat
sizes.
• Development of a coupled of the thermo-mechanical damage model to compute the
behaviour of shallow crustal rocks at high temperature and pressure.
• Development of a sequential thermo-hydro-mechanical-damage lattice element model
to solve the problem of fracture processes in a multiphysics scenario.

1.5

Outline of thesis

This thesis is organised as follows
Chapter2 a new lattice-based numerical model is developed to predict the ETC of the sand
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and the modified high thermal backfill material for energy transportation used for the underground power cables. 2D and 3D simulations are performed to analyse and detect differences
resulting from model simplification. The thermal conductivity of the granular mixture is
determined numerically considering the volume and the shape of each constituting portion.
The new numerical method is validated with transient needle measurements and the existing
theoretical and semi-empirical models for thermal conductivity prediction of the sand and
the modified backfill material in the dry condition.
Chapter3 In this chapter, two different computational approaches to predict the effective thermal conductivity of geo-material for the full range of saturation is proposed. The first method
employs the thermal lattice element method (TLEM) derived from condensate physics matter.
The TLEM method considers the inter and intraparticle conductance, shape of the particle
and the pores. The fluid phase, gas and water are employed in the model considering the
roughness of the surface and gas theory. The Artificial Neural Network (ANN) is applied
using the Adam optimizer and backpropagation algorithm. A small data set is required to
train the model to predict the effective thermal conductivity (ETC). An analytical expression proposed by Kerstin is used for unsaturated sand, and a comparative study has been
performed. The TLEM and ANN can predict better than the analytical expression. The
numerical models show good agreement with the experimental results.
Chapter4 presents a new pore lattice element method to model the flow through porous
media. The pores are the inscribed circles in 2D and spheres in 3D which are connected
by the cylindrical throats or varying diameter and lengths. The developed model is used to
compute the macroscopic permeability of coarse sand and is validated against laboratory
measurements.
In Chapter5 Microbiologically induced calcite precipitation (MICP) following the ureases
is a bio-geo-chemical soil improvement technique is presented in which the microorganism
facilitates to create an environment for the precipitation of carbonates among the grains.
This results in binding the loose granular media and prevention against mechanical failure.
However, the bio-cemented processes and media have been studied in the past in qualitative
sense with experimental programs, but the mathematical and numerical modelling techniques
to quantify the strength parameters are rare. In this chapter, we propose the lattice element
methodology, which can perform numerical computations of the unconfined compression
test for the bio-cemented sands. The goal is to study the macroscopic response and also to
quantify the process for engineering applications. The developed model with an embedded
discontinuity can capture the macroscopic behaviour from mesoscale element failure, where
the diagonal shear cracks which are seldom inherent to compression failure of granular
cemented media lead the specimens to final failure. The model can capture the complex
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interaction of the cracks, such as initiation and propagation, branching, coalescence, and
fingering at a meagre computation cost. The developed model is followed by the experimental
study where the numerical and experimental results show good agreement to a large extent.
The developed model is general and is suitable to study brittle, and quasi-brittle cemented
granular media.
Chapter6, the behaviour of geo materials at high temperature and pressure which is of
interest in many engineering and scientific applications, such as, Borehole Heat Exchanger,
Ground Source Heat Pump, Deep and shallow geothermal energy generation and deep cast
mining is studied. Direct measurement of the buried rock mass is not fissile in most of the
cases, and therefore correlations based on seismic wave velocities are developed. However,
these correlations are affected mostly by many physio-chemical anomalies and micro and
mesoscale effects in the rock mass and are developed for a chosen set of rocks. Here, we propose a lattice-based mesoscale thermo-mechanical-damage model to capture the behaviour of
shallow crustal rocks at high temperature and pressure and calculate the effective parameters,
such as effective shear modulus and Poisson’s ratio with a change in the applied thermal
and/or mechanical loads. The computed values by the lattice element method are validated
against the experimental results and are found to be in an acceptable error range.
Chapter7, a coupled lattice element model is implemented to compute the effective mechanical, thermal and hydraulic parameters during fracturing process of an artificial cemented
granular assembly subjected to coupled thermo-hydro-mechanical loads. The developed
model shows significant changes in the mechanical, heat transparent and flows capabilities of
the granular system with crack formation.
Chapter8 concludes the study and provides a future perspective to improve the modelling
technique.
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Chapter 2
Thermal Lattice Element
Method(T-LEM): Heat transfer in dry
porous composite granular media
When you can’t make them see the light, make them feel the heat.
Ronald Reagan

2.1

Introduction

Soil thermal conductivity corresponds to the ability of the soil mass in dissipating the heat
generated. Soil thermal conductivity has an important role in the design of high-voltage buried
power cables, oil and gas pipelines, nuclear waste disposal facilities, ground-modification
techniques employing heating and freezing, shallow geo-energy storage systems and ground
source heat pumps [1]. One of the critical factors in the design of energy systems is the
knowledge of ETC in a dry condition which acts as the critical limit. Heat transport process
in granular media is largely affected by the quantity and quality of the thermal conduction
paths. Enhancement of contact quality and quantity are achieved by fillers, cementing agents
and modification of gradation [2].
ETC of granular assembly is measured or predicted by 1) Theoretical and semi-empirical
models 2) Experimental measurement and 3) Numerical models. ETC at a macro scale
is modelled with theoretical models using fitting parameters which are related to physical
parameters such as density, porosity and degree of saturation. A critical review of the various
expressions used for predicting the ETC values for a soil indicates their dependency on
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various empirical coefficients, which cannot be estimated precisely, leading to uncertain
results.
These theoretical and semi-empirical models are derived for specific materials and
particular geometries. These equations also fail to consider, for example, the anisotropy of
media, particle shapes, and distribution in the sample. These equations are conditioned with
the help of controlling parameters to match the experimental values. Mathematical modelling
is an effort to estimate ETC of soils once these physical properties are known. For dry soils,
equations have been presented by Smith [3], Mickley [4], and de Vries [5] using different
models.
Only a few empirical models have been developed to estimate dry thermal conductivity
for different types of soil according to soil fabric, gradation, mineral thermal conductivity
and porosity or dry density. Johansen [7] proposed two empirical models for natural soils and
crushed rocks, considering the effect of dry density (or porosity). Farouki [6] found that these
models are used for appropriate types and conditions of soils and concluded that Johansen
model [7] was more convenient to use and showed good agreement with experimental results
within ±20 (percentage) accuracy range. The Johansen model lacks the mineralogical, shape
and size of particles and gradation influence. Lu et al. [9] proposed a simple linear empirical
equation that describes the relationship between dry thermal conductivity and porosity for
mineral soils, which is valid only between porosity values 0.2-0.6 and fails to consider
microstructure effect. Côté and Konrad [8] proposed simple semi-empirical equations for
a very wide range of soils, including coarse grain soil, broadly graded granular materials
and peat soils based on microstructure effect and grain size distribution. Balland and Arp
[10] proposed a new theoretical model to predict the dry thermal conductivity of soils based
on porosity and thermal conductivity of phase. However, the model lacks the consideration
of soil texture effect. Tarnawski et al. [11] has presented a database for standard sand and
showed that the de Vries [5] and Woodside –Messer [12] model fit with the measured value.
In the recent study by Abyzov et al. [13], the effective thermal conductivity is expressed in
term of the volume fraction and the thermal conductivity of the components. The theoretical
mixture correlations lack the information of the real systems (for example, particle size and
its distribution).
There are two different methods for thermal conductivity measurement, steady-state
and transient. In the steady-state method, the errors in an experimental study are with
sample preparation, i.e. the shape of the sample, porosity and boundary conditions such
as the assumption of perfect thermal insulation. In the transient method, which is less
accurate has more sources of error such as, mathematical simplification of line heat source
model for calculation, the contact resistance between the probe and the sample, assumption of
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infinite extension of a sample [12]. Experimental measurement techniques consider the actual
distribution of materials but are difficult and expensive to investigate. However, quantification
of factors affecting the thermal conductivity, such as particle shape, particle size, the influence
of mixing material and porosity, is very difficult, expensive and time-consuming.
Numerical modelling of ETC makes it possible to include particle shape, particle distribution and orientation in space as well as material property (anisotropy). Many numerical
studies are devoted to finding the effective thermal conductivity of a particulate system. Finite
element Method (FEM) is used for polymer composites [14], particle and fibre filled composites [15], an effect of the filler concentrations [16] to study thermal conduction in the granular
matter with FEM each grain discretize with small particle count. However, modelling heat
transfer in granular material that contains large numbers of particles remains a challenge due
to an excessively large scale finite element model resulting from the discretization of each
particle. Most of the continuum-based modelling techniques failed to take into account the
material heterogeneity at mesoscale, thus unable to predict the effective thermal conductivity
arising from quality and type of local conductance at mesoscale. The heat conduction path,
which is a zigzag pattern of a network, is missing in all the continuum-based models such as
FEM, FDM, BEM.
In particle-based methods, thermal discrete particle methods (TDEM) [17, 18] the microstructure is modelled with regular arrays of simple shapes such as cubes, spheres or
cylinders. These particles are represented as isothermal disks/spheres. This oversimplification of particle representation loses the mathematical rigour but is computationally efficient.
The main disadvantage of FEM and TDEM modelling of heat transfer in granular materials is
the a priori requirement of the knowledge of shape, size, distribution and conductance of each
particle. This information is difficult and cumbersome as the packing of the granular matter is
very complex with a wide range of shape, size and thermal properties. Therefore, stochastic
methods are more suitable for these type of systems as they incorporate the complexity of the
system in a random way. One of the methods is the lattice element method (LEM) approach
for discrete systems such as granular media. The domain is discretized with randomly or
controlled random points. The bisectors line connecting the generated nuclei of these points
form discrete sections called Voronoi cells (figure 1a). The nuclei of neighbouring Voronoi
cells are then connected with a networking scheme called Delaunay triangulation to generate
the mesh (figure 1b). A mesh generated in such a fashion is termed as Poisson Random
Lattice (PRL). The elements connecting these cells are called Lattice Elements. The lattice
generated in this fashion is isotropic and has been used in the study of fractures in rocks [19].
The ability of the PRL to discretize space without introducing any form of anisotropy has led
to its adoption in other contexts including modelling the statistical mechanics of membranes
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[20] and modelling the growth of sand piles [21]. Lauritsen et al. [22] have extended the basic
concept by creating dynamic random lattices in which thermodynamic energy is distributed
over the lattice on the basis of the topological properties of the Voronoi cells of the nuclei.
Ostoja-Starzewski et al. [23] have proposed the two-dimensional PRL as a generic model of
the microstructure of discrete granular media such as soils, powders and fibrous materials.
This approach has been extended to two-phase media by randomly assigning the vertices of
the PRL to either phase, subject to specified volume fractions for fracture modelling [23].
Gasparini et al. [24] use the PRL in a similar way to provide a network of truss or beam
elements for use in simulating the behaviour of brittle materials such as concrete or ceramic.
Voronoi based techniques to study the effective thermal conductivity of a packed bed of
mono-sized sphere in the presence of stagnant fluid is presented by Cheng and Zulli [25].
The circular inclusion inside the Voronoi cells are considered as particles, and the double
taper cone model is used to calculate the heat conduction. Numerical study of pore structure
for fine particles of monosized packing with Delaunay triangulation is used to study the effect
of transport and mechanical properties of porous media [26]. A lattice-based method is used
to study heat transfer in cemented granular material and coupled thermo-mechanical problem
to find effective thermal conductivity using Vectorized Random Lattice (VRL) [27,28,29].
The limitation of this method is that the grain size variation is limited; thus, the method is
valid only for narrow particle size distribution.
In this chapter, a novel Poisson random lattice(PRL) based approach to model heat
propagation in the granular matter with full particle range size considering particle and
contact conductance to estimate numerically the effective thermal conductivity of sand and
sand modified high thermal backfill material. The computed effective thermal conductivity
results are compared with experimental measurement performed with transient needle method
for sand and modified geomaterial in a dry condition which acts as a bottleneck in many
engineering applications. Furthermore, the difference between the effects of void size on
effective thermal conductivity is studied with random and segregated schemes.

2.2

Mathematical formulation and numerical study

In this section, an explanation is given about domain discretization with Poisson Random
Lattice (PRL) and generation of Delaunay triangulation to represent the contact network
among the grains. The mathematical formulation for effective thermal conductivity is
explained with derived equations. The contact conduction among the particles and internal
conduction of particles are considered a mode of heat transfer for this study. Thermal
expansion effect is not considered.
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(a)

(b)

Figure 2.1: Representation of a) Voronoi cells and b) Delaunay triangulation with PRL in 2D

2.2.1

Physical description of the heat transfer at meso scale

Mode of heat transfer in dry soils is dominated by conduction. The granular assembly forms
a network through which heat is transferred. To model the mesoscale structure continuumbased modelling approaches such as FEM, FDM and BEM and discrete approach such as the
Vectorized Random Lattice (VRL) [27,29], a portion of the granular assembly is represented
with representative volume element (RVE) and the image of the cross-section with grains,
fillers and voids are mapped on the generated mesh. This distribution pattern is only a
representation of a particular section. These methods hold their integrity as long as with
the grain size and arrangement of grains are uniform, and the mapped RVE represents the
granular assembly. As the particle size and the arrangement of the grain are non-uniform and
expensive to obtain with X-rays, CT scan or different tomography techniques, an alternative
is the stochastic distribution of the particles and their arrangement to represent the granular
assembly with two or more components. The granular assembly is generated with randomly
generating the nuclei which act as seed points. Around these points, the domain is divided
into areas formed by the bisector of the nearest points called the Voronoi tessellation. The
nodes are connected with the neighbouring nodes with Delaunay triangulation to generate the
heat conduction paths. Figure 1 shows the granular representation with Voronoi tessellation
and Delaunay triangulation. A complex network of heat conduction path is thus obtained,
and the material mesoscale interactions are represented with ease. The material properties of
grain, void and filler are then assigned to these Voronoi cells according to their percentage in
the granular assembly to model two or more components in the mixture.
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1: particle conduction
2: contact conduction
3: particle-fluid-particle
conduction
4: particle-particle
radiation
5: particle-fluid
conduction
6: pore fluid conduction
7: pore fluid convection
8: radiation

Figure 2.2: Summary of heat transfer paths in particulate materials[34]

2.3

The mathematical formulation of the heat transfer by
Thermal Lattice Element Method

The particle dominates heat transfer in dry granular material to particle conduction at lowtemperature ranges. At mesoscopic level, the contact among the grains are not smooth, and
conduction channels are formed through which the heat is transferred [27]. If the average
pore size is less than 6mm and is filled with low conductive fluid below 375 K, the effect of
convection and radiation are insignificant. Thus, the heat transfer dominated by conduction
could be modelled as efficiently and effectively with linear elements connecting the centre of
each particle considering contact and granular conduction.

2.3.1

Contact and granular conduction model

For dry granular material, total thermal conductance (T TC) is made up of solid contact
conductance (SCC) and the gap fluid conductance (GFC). The solid contact conductance
(SCC) for a granular material is the summation of the intraparticle (internal conductance of
each grain) and the interparticle (conductance among grains) conductance. For a granular
assembly with high particle thermal conductivity, the interparticle conductance is neglected,
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but for a low thermal particle conductance, this contribution is significant. Therefore, in this
study, the TTC value is calculated as given in equation (2.1)
hTCC = hG + hSCC

(2.1)

Where hTCC is the total contact conductance and hG is the inter granular conductance and
hSCC is the contact conductance. For this study, the hG value for grains and fillers are taken
as 7.7 W m−1 K −1 and 2.0 W m−1 K −1 , respectively.
Generation of porosity in the assembly and assignment of material properties to the
generated triangulation are explained with the flowchart in figure (2.4).
For low conductive fluid media, the TCC is dominated by SCC, which is a function of
quantity and quality of contact area. Zehner and Schlunder [29] developed a model based on
point contact for the spherical particle to model inter particle conductance. The model under
predicts the ETC, and therefore area contact model [30] is proposed based on theoretical work
of Yovanovich [31]. The following equation gives the interparticle conductance between two
particles i and j based on the Hertz contact model (figure 2.3).
Fn L∗
hSCC = 2k
E


1

3

(2.2)

Where hSCC is the inter thermal conductance between two similar particles,k is the
thermal conductivity, Fn is the normal contact force between two particles, E is the effective
modulus of elasticity and L∗ is the length of the contacting lattice element [24].
The intra granular conductance,hG , of these interface elements are also considered as the
average value of connecting cells.
hi(SCC) + h j(SCC)
(2.3)
2
Where, hi(SCC) and h j(SCC) are the intra granular conductance of two different particles
and hi f (SCC) in the intra granular interface thermal conductance. Thus the total thermal
conductance at an interface is given by equation (2.4) as
hi f (SCC) =

hi f (T TC) = hSCC + hi f (G)

(2.4)
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(a)

(b)

(c)

Figure 2.3: Meso-scopic contact representation of granular material showing heat conduction
a) grain contact without filler b) grain contact with filler of different shape features. c)
Voronoi representation (polygons), lattice element (l) connecting the two nuclei (red) and the
thermal conductance hSCC between two particles (based on Hertz contact model).

2.3.2

ETC calculation formulation

Let us consider the system of N Voronoi cells. Each cell is assigned a single degree of
freedom, and initially, an isothermal condition is applied to the cells. The Thermal Lattice
Element Method (TLEM) is developed with the following assumption.
1. Heat transfer among the particles are through 1D rod elements.
2. Conduction is the only mode of heat transfer. Heat storage in the particles is absent.
3. Contact load is assigned from gravity load. No external load is applied. Adhesion due
to Van der Waals force is not considered here.
4. The area of each Voronoi cells are calculated and a selected portion of cells are assigned
as grains, voids and fillers. Then material properties are assigned to each portion.
5. Thermal expansion of the cells are not considered.
6. The calculation step are chosen so that the heat is only allowed to move to the neighboring particles.
Considering the granular assembly attached to the heat source and heat is only allowed
to move through 1D thermal elements, the average heat flux of n elements in volume V is
defined as
qi =

1
V

N

∑ qniAnl n

n=1

(2.5)
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Where l(n) and A(n) are the length and crossectional area of the element n, respectively.
The heat flux in the element qi is given by
∆T ni
(2.6)
l n An
Where ni the unit is a normal outward vector, hTCC is calculated from equation (1) or (6)
for domain or interface material, ∆T is the temperature difference, l n and An are the length
and cross-sectional area of the element, respectively.
Applying the mean temperature gradient of ∂T /∂x j in the material at the meso level in
one element, the thermal gradient in each element is given by
qni = hTCC

∆T = l n n j

∂T
∂x j

(2.7)

Rearranging and substituting equation (5), (6) and (7) gives the following equation

1
qi = −
V

N

∑

hnTCC l n nni nnj

n=1



∂T
∂x j

(2.8)

Comparing the equation (8) with Fourier’s law of heat conduction given in terms of heat
flux vector and the temperature gradient
qi = −∆i j

∂T
∂x j

(2.9)

Yields the thermal conductivity tensor of the granular material as
1
hn l n nn nn
(2.10)
V ∑ TCC i j
With the pre conjugate iterative solver, the temperature of each lattice can be obtained, and
the heat flow is determined. The calculations are performed with in house implementation.
The convergence criterion is set as
ef f

λi j

=

|T n+1 − T n |
<∅
∑ Tn
i

(2.11)

Where i represent all the lattices, n denotes the step of iteration and ∅ the preset limit.
For this study ∅ is chosen to be 0.001.
To model the granular assembly, the particulate media is generated with Voronoi cells
and Delaunay triangulation. The generated lattice is termed as Poisson Random Lattice
(PRL). Area or volume (2D or 3D) of each Voronoi cell is calculated, and respective material
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properties are assigned of sand and voids for the homogeneous system and sand, filler and
voids for a heterogeneous system.
Porosity generation schemes
To model the fillers in the mixture two different schemes are proposed based on two different
identified possibilities.
1. For fine fillers with a uniform particle size in a narrow particle range, the staggered
scheme is implemented. Size of each Voronoi cell is calculated, and the cell below
certain area size is assigned as fillers. This scheme is demonstrated in figure 2.5a.
2. For fillers with a wider range of particle size, the percentage of the filler in the mixture
is randomly distributed among all cell area ranges. This scheme is termed as random
and is shown in figure 2.5b.
The above mentioned two schemes are explained with the flow chart to generate the
geometry as well as the assignment of the material properties.

2.4

Heat transfer study with 2D lattice element

The heat transfer path with 20% fillers, 20% voids and 60% grains with two different
schemes are shown in figure 2.4a (segregated) and figure 2.5b (random). The pore size in the
segregated scheme is assumed to be bigger than the filler (e.g. Nanofillers, Bentonite). For the
qualitative analysis, the temperature profiles for nearby nodes at 0.25, 0.5 and 0.75 distance
from the bottom are plotted for the above-mentioned schemes (Figure 2.5a & 2.5b). It is
visible from the results that random distribution gives a uniform temperature profile compared
to the segregated arrangement. However, both possibilities may occur for a different type
of grain size distribution and the filler type. Synthetic fillers such as Nanomaterials and
conventional fillers, i.e. Bentonite of relatively uniform size could be modelled with the
segregated scheme which represents a filler with a uniform particle size range. For filler
varying in size such as rock powder, random distribution scheme of particle size distribution
in all ranges is more suitable. The random distribution of the same volume of particle and
filler generates a different conduction network path. This information is incorporated into the
numerical model. Thus an easy step captures the complex distribution of the size and shape
of constituting parts of a granular assembly in the numerical model in scholastic fashion.
The staggered distribution of components of granular media also generates a different heat
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Figure 2.4: Flow chart of the two different particle distribution scheme.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.5: Distribution of three components of granular materials particles (brown), voids
(grey) and fillers (yellow) of a) segregated b) random c) temperature map of segregated
distribution d) temperature map of random distribution e) granular assembly and the location
of temperature profile calculation f) plot of temperature profile of two different schemes at
nearly 0.25, 0.5 and 0.75 from the bottom surface.
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(a)

(b)

(c)

(d)

Figure 2.6: Temperature distribution with a) FEM simulation, LEM simulation with b) 900 c)
2500 d) 10000 particles. The top temperature is at 10C and bottom at 00C for all simulations.
conduction path, but the range of filler and voids are controlled with a user-defined variable
range.
As shown in figure 2.6, the temperature profile of granular media with the same thermal
conductivity of grains and 30% void but of different particle size are plotted. Figure 5a shows
the solution obtained from FEM with the same effective thermal conductivity. The temperature boundary condition is applied at top 10C and bottom 00C. The visible zigzag pattern
inherent for granular media which is absent in FEM resembles closely with experiments as
a report in the literature [11]. With the decrease of the grain size, the temperature profiles
become haphazard due to smoothing and homogenization of the granular assembly.
Figure 2.7 shows the temperature profile of the granular assembly with 40% voids and
60% grains. The voids are filled with 25 − 100% filler respectively (figure 2.4a − 2.4d),
keeping the particle percentage fixed. The ratio of thermal conductance TCC of filler and the
grain is assumed to be 4 for these simulations depicting a consistent improvement.
The result indicates that for the filler percentage increase up to 25%, the conduction paths
don’t change significantly. The simulations carried out using the lattice model indicate that
filling the voids with high thermal conductive material have not altered the heat conduction
path for low filler concentration and the grain conduction has a far greater impact. Thus,
matrix particle conductivity should be considered for improving the ETC with high-contrast
composites at low concentration. This effect is due to the fact that for low concentration
the filler is dispersed in the medium and are unable to significantly change the quality and
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(a)

(b)

(c)

(d)

Figure 2.7: Temperature distribution in an assembly of 2500 particles with filler to matrix
ratio of a) 25% b) 50% c) 75% d) 100%. The top surface at 1oC and bottom at 0oC. The filler
has thermal conductivity 4 times higher than that of grain.
quantity of the contacts which play a significant role for thermal conductance in granular
materials.

2.5

Heat transfer study with 3D lattice element

Most of the Discrete Element calculation is riddled with the problem of enormous computation resources and time. The numerical example is performed for the three-dimension lattice
with 27,000 elements. The solution procedure and the CPU time of a numerical example are
listed below for the selected mesh size:
• Generation of random points, Voronoi cell and Delaunay triangulation.
– The algorithm to generate granular sample is similar to the random point generation algorithm.
– The functions are used for Voronoi and Delaunay triangulation.
– The CPU time for this step is around 230 s.
• Material properties are assigned to the Voronoi cell and are transferred to the lattice
elements correspondingly.
• Applied force and body force (gravity) are used for the contact conductance computation for each element.
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– The CPU time for this step is around 200 s.
– The new conductance of the particles are computed after if the applied load are
time dependent
• Assembly of the nodal temperature matrix.
– The Jacobian transformation is used to assemble the matrix from local to global
coordinate system.
– The CPU time for this step is around 910 s.
• LEM Solution.
– The pre conjugate gradient solver is used to solve the system of linear equation.
– The results are plotted as linear graph and color map
– The CPU time for this step is around 2600 s.
Two different scenarios are modelled for 3D granular assembly with 1) 40% voids and
60% matrix 2) 30% filler 10% voids and 60% matrix, with random distribution void, filler
and matrix overall particle ranges. This random distribution is representative of granular
assembles like sand mixed with natural thermal enhancing fillers such as rock powder which
has a wide particle range to improve the ETC of the granular assembly. The heat transfer
characteristics are plotted in figure 2.8, where temperature boundary conditions are applied on
the left and right of the cubic assembly of granular media. It is visible in figure 2.8b that the
fillers have unevenly enhanced the thermal performance of the mixture due to local high and
low conductive bridge formation with filler and voids, causing an uneven temperature profile.
The thermal conductivity of the assembly is enhanced, but the heat transfer is favoured in
the zone with the filler of high thermal conductivity which acts as a thermal channel. The
conduction chains made with grain, filler and voids results in an observable change in the
temperature profile as shown in figure 2.8 (a & b).
The developed method helps to visualise the meso-level heat transfer characteristic with
ease and helps to understand the phenomenon in detail. An interesting observation could
be made that a simple lattice-based approach is able to model the complex heat interaction
among grains which is dominated by grain to grain contact conduction in granular assembly.
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(a)

(c)

(b)

(d)

Figure 2.8: 3D granular assembly showing random distribution of a) 60% sand (blue) and
40% voids (red) filler b) 60% sand (blue) 30% filler (yellow) and 10% voids (red). The left
surface temperature is at 1oC and the right surface at 0oC.

2.6

Numerical modelling of effective thermal conductivity
by thermal lattice element method

Figure 2.9 shows the effective thermal conductivity of a modified material with filler to grain
conduction ration of 4. Two different schemes, random and staggered, are used to model
filler of wide and narrow ranges of particle size distribution. The contact force is assumed to
be the gravity load. The thermal conductivity exhibits a nonlinear increase with decreasing
porosity values. The ETC value is not significantly changing in three mutually perpendicular
directions having only a marginal change of less than 2.5%.
The porosity influences the thermal conductivity of the granular assembly, and for each
arrangement of granular assembly porosity of the mixture varies due to the random generation
of particle assembly. This fact is due to the assignment of cells corresponding to a specific
percentage, i.e. sand, filler and voids, constituting in the mixture. This assigned area limit for
grain and voids are difficult to maintain as the cell area percentage do not exactly match the
calculated divided area. The similar difficulty arises when fillers are assigned to fill a certain
percentage of the voids. To circumvent this problem, a nearby value close to the assigned
value is chosen. Thus, for each run, a different porosity is obtained, which also contributes

29

Thermal Lattice Element Method(T-LEM)

(a)

(b)

Figure 2.9: effective thermal conductivity of generated granular sample with a) Random
distribution b) Segregated distribution
to change in ETC along with a change in the conduction path caused by the distribution
of void space. This observation is a noticeable fact in laboratory experiments, too, where
the same porosity after remoulding is impossible to achieve along with different grain and
void distribution. The lattice-based model is able to capture this complex phenomenon with
relative ease with random generation of Voronoi cells and assignment of material properties
based on area and volume percentage of cells. Hence, the method is able to include the
observable randomness in the system directly.
It is also shown in figure 2.9 (a,b) that the variation in the ETC value scatter from the
mean value is confined with decreasing the porosity of the sample. The observation is due to
the fact that as the void volume decreases the conduction path in different arrangements of
filler, voids and particle is not largely different.
Figure 2.9 (a,b) also indicates that the ETC of the granular assembly is not only a function
of the total volume of voids but also the particle and void shapes. The ETC of each simulation
is plotted for random (2.8a) and segregated (2.9b) indicating the values are scattered but
generally consistent, showing a non-linear increment with decreasing porosity. These findings
suggest that the shape and volume of voids control the ETC of a dry granular mixture. The
ETC is a function of shape, distribution and orientation (anisotropy). However, the filler
particle linkage becomes a dominating contributor with increasing the filler percentage. The
network formed with high conductive filler starts to acts as a dominating heat flow path.
Therefore, filling the voids with high thermal conductive material an exponential rise in ETC
is observed at low void ratios. This phenomenon is also observed in foam structure with low
thermal conductivity when filled with high thermal conductive fluid or solid fillers.
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The influence of added dimension in the calculation of ETC has been investigated
for segregated and random distribution. Figure 2.10 shows the ETC of the mixture for
2D and 3D. No large deviation is observed for two dimensions and three-dimensional
modelling. Therefore, two-dimensional modelling is used for calculation of ETC to reduce
the computation time.

(a)

(b)

Figure 2.10: Comparison of computed effective thermal conductivity with 2D and 3D meshes

2.7

Validation and comparative study of numerical thermal lattice element model with experimental data

A series of numerical simulation has been performed to calculate the effective thermal
conductivity of original dry sand and modified sand. The mean value of 20 simulations is
taken as the average value for each calculation. The comparison among the experiments,
numerical simulations and theoretical models are plotted and discussed in detail the section
below.

2.7.1

ETC for dry sand

The thermal conductivity values of the three sands A, B and C are plotted from the results
obtained by experimental, numerical and semi-empirical models (Fig. 2.12). The semiempirical models under or overpredicts the experimental measurements. The numerical
method predicts the experimental measurements to a large extent. The prediction becomes
more close to the experimental values as the porosity of the sample is decreased owing to
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Model

Equation

Johansen, [7]

𝜆𝑑 =

Boundary condition

0.135𝜌𝑑 +64.7
𝜌𝑠 −0.947𝜌𝑑
−2.2

For natural soils
For crushed rocks

𝜆𝑑 = 0.039𝑛

Côté and Konrad, [8]

Ballard & Arp [10].

For natural soils
χ = 0.75, η = 1.20
For crushed rocks
χ = 1.7, η = 1.8
For organic fibrous soils
χ = 0.30, η = 0.87

𝜆𝑑 = 𝜒10−𝜂𝑛

𝜆𝑑 =

𝑎𝜆𝑠 − 𝜆𝑎 𝜌𝑏 + 𝜆𝑎 𝜌𝑠
𝜌𝑠 − (1 − 𝑎)𝜌𝑏

𝑎 = 0.053

λd = dry thermal conductivity; n = porosity; ρs= density of solid particles; ρd = dry density

Figure 2.11: Comparison of computed effective thermal conductivity with 2D and 3D meshes
the fact of less voids in the sample. The shape and the volume of the voids are randomly
distributed in the generated mesh. Thus, for a denser packing, the network path is well
established, and an exponential rise is observed. For all the sands used in this study, Lu
et al. [9] model are able to predict the change in thermal conductivity values for a wide
porosity range. For all the sands, a porosity value of less than 30% is very difficult to achieve.
Therefore, thermal conductivity value corresponding to these porosity values act as the upper
limit for the thermal conductivity value for these sands.

(a)

(b)

(c)

Figure 2.12: Comparison of computed effective thermal conductivity with 2D and 3D meshes
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ETC for modified sand

The ETC of 2mmF (2mm Fuller) for three different sands is plotted against the porosity from
the values obtained from experimental, numerical and semi-empirical models as shown in
Figure 2.13. The bentonite used as the filler has a thermal conductivity of 2.0W m−1 K −1 .
For the voids, the thermal conductivity value of air is assigned 0.024W m−1 K −1 . The results
indicate that ETC of the mixture increase with decreasing the porosity by filling of the sample
with bentonite in quasi-linear fashion. This observation confirms that the filler improves the
quantity and quality of interparticle contact thus the ETC.

(a)

(b)

(c)

Figure 2.13: Comparison of computed effective thermal conductivity with 2D and 3D meshes

2.8

Conclusion

Three-dimensional lattice element method based on the random and staggered distribution of
voids and filler to simulate heat transfer in granular media is developed. Model development
is driven by better understanding the heat transfer at the meso level and how it influences the
macro level of effective thermal conductivity. Volume and shape of the voids are directly
inherited with Voronoi discretisation technique. The Lattice-based model to calculate the
effective parameter showed that the method is robust in prediction the effective thermal
conductivities of particulate media stochastically with shapes, size and fillers in the voids acts
as controlling parameters. The ETC increases with decreasing void volume and increasing
the filler content due to the increase in the amount of contact area through which heat transfer
can take place in the granular matter. This study shows that effective thermal conductivity of
dry granular matrix with filler and voids not only depends upon total void volume (porosity),
but it is influenced by contact conductance, local particle and volume shape and the heat
conduction path. These parameters are not considered in semi-empirical modelling. The
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developed lattice-based model is capable of demonstrating its usefulness for a more profound
understanding of physical phenomenon at mesoscale and estimation of the effective parameter
at the macro level.
The thermal lattice element method simplifies the evaluation of temperature within the
elements. This simplification restricts the number of independent variables in the global
matrix system, thus reducing the computational cost and time. The method is algorithmically
straight forward as the classic spring or lattice-based method which has been extensively
used for crack initiation and propagation problem for homogeneous and heterogeneous
cemented and loose particulate system. This provides a straight forward method to extend it
to thermo-mechanical problems to lose and cemented geo-material and heterogeneous rocks.
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Chapter 3
Thermal Lattice Element Method
(T-LEM) and Artificial Neural Network
(ANN): Heat transfer in unsaturated
granular media
Even these stars, which seem so numerous, are as sand, as dust or less than dust in the
enormity of the space in which there is nothing.
Carl Sagan

3.1

Introduction

A loose granular matter such as sand consisting of three phases, i.e. solid phase (grain) and
fluid phases (air, water)[1]. Combination of these phases quantifies the ability of the granular
media to allow heat transport. This parameter is coined as the “apparent” or “effective”
thermal conductivity of the granular media and plays an important role in geo-environmental
engineering, earth and planetary science, composite engineering applications [2]. The effective thermal conductivity (ETC) of soils is influenced by many factors such as mineralogical
composition, packing geometry, dry density, particle size, gradation porosity, water content,
temperature, cementation, pore size, pore orientation, pore shape, and spatial arrangement
of pores, etc. Generally, the influencing factors could be classified into followings: 1) environmental factors: water content, density, temperature, etc. and (2) compositional factors:
mineralogical composition, particle size, shape, gradation, inter-particle physical contact,
etc. (3) miscellaneous: properties of soil components, ions, salts, additives, and hysteresis
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effect, etc. In the past decade, mainly three different approaches have been put forward
to estimate this complex parameter, namely, the experimental measurement, empirical or
theoretical calculation and numerical modelling. The experimental measurements are classified into two categories: the steady-state method and transient method. These methods are
time-consuming, expensive, limited, and only available in certain conditions [3]. Especially
for unsaturated soil, it is difficult to control porosity and moisture content simultaneously.
For the steady-state method, the effect of moisture distribution and moisture migration along
with evaporation add to this misery due to longer experimental time. Therefore, in recent
years, a significant number of prediction models are proposed based on mathematical and
numerical modelling [4]. The mathematical models for the effective thermal conductivity
of unsaturated soil are classified into the following three methods 1) the theoretical models
2) the mixing models and 3) the empirical models. The theoretical models are developed
by the oversimplification of the heat transfer process in unsaturated soil with assumptions
such as uniform particle shape, single particle size, series and parallel model for heat transfer.
These formulas are very complex and difficult to determine the controlling and constitutive
parameters.[5] Mixing models are developed by the prognostic models of the other basic
fields such as the electrical and flow fields. A similar analogy is applied to compute ETC
without considering the influencing factors, such as particle size, particle shape, packing
geometry, mineralogy composition, temperature, stress level and cementation [6]. Empirical
models have been used to fit the experimental data by various mathematical formulas between
the thermal conductivity and water content. They have simple formulas and high prediction
accuracy but are valid for the materials they are developed for and the boundary conditions
at which the measurements for the model are performed. The computational estimates of
the ETC come into two flavours, the continuum approaches and the discrete approaches.
The continuum approaches are the finite element method (FEM)[ 7], the boundary element
method (BEM)[ 8] and the finite difference method (FDM) [9] etc. The continuum-based
methods solved the partial differential equations which are poised for the whole domain
with discretisation technique. The continuum-based approach fails to capture the complex
granular physics due to the inherited continuum assumption used for deriving the partial
differential equation based on the homogenisation techniques. The discrete approaches are
the discrete or distinct element method [10], Lattice element method [11], chequered board
method [12] and stochastic lattice model [13]. These modelling techniques build the model
from many discrete entities, and then multibody interactions are solved in the form of a linear
system of equations. The discrete methods represent the granular media which is lost in
the continuum-based methods. [14] The lattice element method has certain advantages in
terms of computation time, ease of granular assembly generation and inclusion of basics
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granular heat transport physics over the other discrete methods. [15] Lattice element method,
dating back to 1941 with the paper of Hrennikoff [16], in which he developed the grid-work
method for modelling two-dimensional elastic continue with trusted framework system. The
idea strongly evolved over the years resulting in many different lattice models presently. In
the lattice method, the continua are represented by discrete one-dimensional elements for
the representation of structural solid. The same idea is implemented to model heat transfer
in granular soil with pipe network [17] and then further extended by considering the Hertz
contact model [11]. The simplicity of the modelling of complex solids or structures with this
approach results in lighter computational cost and better accuracy than continuum modelling
methods. The Thermal lattice element method (TLEM) is extended with rough contact fluid
theory and gas theory to consider the effect of water and air in unsaturated soil. Detail
description is provided in section 3.3.
Artificial Intelligence (AI) is the field in computer science concerned with developing
systems that can perform intellectual tasks as any normal human being can. For a long period,
this was achieved by hard coding rules so that the agent can perceive the environment and act
accordingly. Machine learning algorithms use techniques like linear regression, polynomial
regression, K-Means clustering, classification, etc. for prediction. These algorithms are akin
to curve-fitting. They are trained on a data set. Recently, a new paradigm has taken centre
stage in AI: Deep learning. Deep learning systems copy the structure of brains. They are
composed of neurons linked to each other, and therefore learn by experience. AI can be used
accurately predict the result of systems operating on several parameters much better than
traditional regression analysis. The past year’s developments have ushered in a new era of the
AI revolution with advancements made in image and voice recognition. Deep learning has
found its application in many fields from self-driving cars, personal assistants, photography
and face detection among many others.
Artificial neural networks have been used in several studies for predicting properties
of Nanofluids and sands. Goh [18] used ANNs to predict the liquefaction potential of
the soil. His model used eight parameters of soil as input and was trained using simple
back-propagation neural network algorithms. Gao [19] presented the nested adaptive neural
networks for constitutive modelling. Shahin et. al.[20] found ANNs to perform better than
traditional methods in predicting settlement for shallow foundations on granular solids. Najjar
and Basheer [21] evaluated the permeability of compacted clay liners using computational
neural networks (CNNs). In another study, Ahmadloo and Azizi presented a five input
artificial neural network that predicted the thermal conductivity of various Nanofluids. The
neural network has been trained on many samples of data to achieve a mean absolute
percentage error of 1.26% and 1.44% with training and test data set, respectively. Grabarczyk
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and Furmanski[22] designed a model that predicted the ratio of thermal conductivity of
granular media to that of fluid. They found the best results using the architecture of 3 hidden
layers of 8 neurons each. Erzin et al. used an ANN to estimate the electrical resistivity using
a degree of saturation and thermal resistivity as input. Esefe et al. estimated the thermal
conductivity of Al2 O3 /Water (40%) – ethylene glycol (60%) using artificial neural networks.
Their neural network used tangent sigmoid function and having two hidden layers with five
neurons each.
Hunter et al. [23] in their paper compared various models to predict the characteristics
of brittle fractures. They concluded that their Micro-Crack Pair Informed Coalescence
(McPIC) algorithm provided the most promising results. The McPIC model used an ANN
to predict path and time to failure of a material. The ANN was trained on a set of feature
vectors that included information about the crack pairs such as length of the crack, their
orientations, stress intensity factors at crack tips, the distance between two micro-cracks, and
the minimum distance to the boundary from either crack. The results showed that the McPIC
model struck a balance between having just enough physics informed constraints and being
data-driven. This shows that ANN-based models are superior. Das [24] presented a review of
the application of Artificial Neural Networks in Geotechnical Engineering.
In this study, the computation of ETC in porous geo-material is proposed using TLEM and
ANN. These two methods employ different computational philosophies. The TLEM considers
the microstructure of the porous media and the fluid phase is incorporated considering the
gas theories. The ANN employs the learning of neurons with the existing data set to predict
the ETC. The results from these models are compared with the analytical solution proposed
by Kerstin. The TLEM and ANN predict the ETC with reasonable accuracy. The paper is
divided into the following section. After a general introduction, Section 3.2 outlines the
artificial neural network and its implementation: section 3.3 presents, the thermal lattice
element method is explained. In Section 3.4, the results from the numerical models along
with practical expression to predict the effective thermal conductivity are discussed in detail.
Finally, in Section 3.5, the conclusions of the study are summarised.

3.2

Artificial Neural Network

An Artificial Neural Network (ANN) is a computing system composed of artificial neurons.
They are built to mimic the biological brains’ structure. The most common form of ANNs is
the feed-forward Multilayer Perceptron (MLP). A Multilayer Perceptron is a neural network
consisting of a minimum of 3 layers of neurons: the input layer, consisting of a neuron for
every corresponding parameter, a hidden layer of neurons, and an output layer of neurons
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Figure 3.1: A Neural Network Structure with 2 inputs and 1 output.
corresponding to the output of the ANN. Neurons are connected to each other through edges,
each having a corresponding weight factor. Every neuron has a corresponding activation
function. The output of the neuron is the activation function applied to the input of that
neuron and the weight of the respective edge of the input. ANNs are the key to the deep
learning process. Deep Learning is a subset of Machine Learning. Machine learning is a set
of techniques used for finding representations of raw data that can help in the classification,
i.e. feature selection. Deep Learning uses many layers of representation to extract even more
useful data [25]. It is further divided into supervised and unsupervised learning. Raw data
(input-output pair) is used to extract learning data representations in supervised learning.
Unlabelled data is used to train models in unsupervised learning. Machine learning problems
can be divided into two, namely, classification and regression. Classification is the labelling
of input into categories, for example, labelling images as having a cat or not. Regression
is the prediction of the value of a label based on parameters. The problem of estimating
thermal conductivity using the degree of saturation and porosity is thus a regression problem
As shown in Figure 3.1, the neural network consists of several neurons arranged in layers,
connected to each other by layers. Input is given to the input layers; the neurons in subsequent
layers are activated. The output of each neuron is calculated from the following summing
formula
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n

yi = ∑ Fi (wi j + bi )

(3.1)

i=0

Where w is the weight of the connecting edge to the neuron, x is the input of the neuron
through that edge (which is the output of a neuron in the previous layer), b is the bias of the
neuron, and F is activation function of the neuron. Every neuron performs this operation
on the input given to that neuron. The result of the ANN is the output of the neuron in the
output layer.

3.2.1

Neuron learning Algorithm

At first, all of the neurons are connected to each other with random weights (random initialisation). This network is subsequently trained for a given set of training data. Initially, the
predicted outputs are far away from the target outputs due to the random weight distribution.
The weights are updated gradually to improve predictions. This process is termed as training.
Loss value is calculated using the chosen loss function of the ANN. This is the objective
function of the neural network. The learning process aims to minimise this loss. While
Mean Squared Error is the most commonly used loss function, Cross entropy is also used
for classification problems as it measures the distance between probability distributions.
Backpropagation is a method used to optimise functions. All backpropagation algorithms
are based on gradient descent. Gradient descent is an iterative function optimisation algorithm. Gradient Descent is used to optimise the loss function. The standard method used
by backpropagation to calculate weights is Stochastic Gradient Descent (SGD). SGD draws
out random samples of data through the network. The gradient, which is the derivative of a
tensor operation, of the loss function, is calculated. This gradient is then used to update the
weights. It works on the principle of finding the minimum of a function. In the following
formula, the weights of the neuron are updated as
w(t + 1) = w(t) + η

dL
+ ξ (t)
dw

(3.2)

Where L is the loss function, η is the learning rate, and ξ (t) is the stochastic term. There
are several variants of SGD that optimize the learning process by adding more parameters
to the algorithm such as momentum. These optimizers include Adagrad, RMSProp, Adam
and several others. In supervised learning, the complete data set is divided into two, the
training set and the testing set. The neural network is trained on the training data set, where
the parameters are passed as input, and the loss is calculated from the predicted and true
outputs. The model is then validated on the testing data set to calculate the error. This process
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Figure 3.2: The flowchart of the learning cycle for training the ANN.
allows us to validate the model. The neural network is trained over the training data set a
number of times called epochs. A common problem that plagues the learning process is
over-fitting. When an ANN is trained, after a certain amount of epochs, the loss starts to
stagnate or increase. Many techniques are used to mitigate this, including adding L1, L2
regularization, training the ANN for fewer epochs, adding dropout layers, or simply changing
the hyperparameters of the neural network.

3.2.2

Model implementation

For designing an ANN for the prediction of the effective thermal conductivity, we chose to
provide two parameters as input. Based on the experimental data, we choose the degree of
saturation and porosity as the input parameters of the given sand. For this study, we chose
three hidden layers of 8 neurons each. A single output layer was used to obtain the output of
effective thermal conductivity. We possessed 20 samples of data for each of the four types of
quartz sand measured. The neural network has been trained with 15 samples and validated
by five samples. The samples input data had to be preprocessed before being fed into the
network. Feature scaling was applied to every parameter so that the variance of the dataset is
1 and mean is 0.[26].
x=

x − x̄
σ

(3.3)
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Figure 3.3: The hyperbolic tangent activation function.
Where x̄ is the mean and σ is the standard deviation of the training data set. Back-propagation
is very sensitive to data variance; hence, the input data is feature scaled to improve learning.
For our activation function, we chose to use the hyperbolic tangent function as it improved
our model. It gave better results than the standard rectified linear unit function. To get a
continuously valued result, the output layer neuron has a linear activation function.
The standard loss function used for regression problems is the Mean Square Error (MSE).
It is the mean of the square of errors in prediction.
MSE =

2
1 n
Yi − Ŷi
∑
n i=0

(3.4)

For the implementation of our model, a high level deep learning library for python named
Keras was used. Keras provided us with a suite of activation, loss functions as well as many
gradient descent optimization algorithms. We used Adam optimizer to improve the learning
of our model. Adam is an algorithm for first-order gradient-based optimization of stochastic
objective functions [27]. This method calculates different adaptive learning rates for each
parameter. It achieved the best results when running with a learning rate of 0.01, compared
to RMSProp optimizer.
The ANN model has been trained for 700 epochs. We trained four models, one for each
sample of sand, to predict the effective thermal conductivity against the degree of saturation
and porosity.
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(b)

Figure 3.4: The representation of discrete system with a) Voronoi diagram with seed points
b) Voronoi, seed points and Delaunay triangulation representing the conduction path.

3.3

Thermal Lattice Element method

The Thermal Lattice element method (TLEM), which is derived from condensed matter
physics offers a solution to the complex problem of heat propagation in granular assembly
[3, 28]. In principle, the lattice-based models are working on atomic lattice models. The
model offers the best solution when the system could be represented with a discrete set of
points connected with rod or beam elements. The scale of elements could vary from the true
granular scale to simulate the physical phenomenon [15, 29]. The coarse mesh hence reduces
the computational cost of the process, thus making the method computationally effective.

3.3.1

Generation of granular media

The nodes are generated in a stochastic manner, and the Voronoi tessellation is used to find
the nearest neighbouring points in the (Fig. 3.4). For the given set of nodes, the Voronoi
tessellation of space consists of non-overlapping cells around each of the nucelli such that
each cell contains the region of space closer to it than to any of the other sites. Delaunay
triangulation the topological dual of Voronoi diagram is used to connect the neighbouring
nodes to generate the elements. In 2D, the Delaunay triangulation for a given set of nodes is
a triangulation of the plane, where the nodes are the vertices of the triangles. Similarly, in
three dimensions, the Delaunay triangulation is formed by tetrahedral that are not allowed to
contain any of the points inside their circumspheres [30]. The blue lines connecting the nodes

46

Thermal Lattice Element Method (T-LEM) and Artificial Neural Network (ANN)

are the 1D heat transfer rod called lattice elements. (Fig. 3.4b) The dominating feature of
LEM is that it incorporates contact and intergranular conductance. The two-body interactions
are used to model many-body interactions. The key factor in many-body interactions is that
the chosen time step is such that any temperature disturbance is felt only to the neighbouring
particle in one step [11]. For this work, we consider lasting contact with elements; however,
this could be extended to model non-lasting contact to model the thermos-mechanical impact
and thermal cracking too [29, 31]. Here, we extend the existing thermal lattice element
method [3, 32] to model the unsaturated uncemented granular media. The extension of
TLEM to include the effect of the stagnant interstitial fluid in LEM is straight forward with
the following assumptions. 1) All the phases are thermally stable and non-reactive 2) The
grain is nonporous 3) the gas is insoluble in the liquid 3) the gas phases doesn’t adsorb on the
solid surface 4) No jump in temperature across all interfaces 5) the conductivity of the filler
fluid is small relative to that of the grain. 6) Convection in the interstitial fluid is absent. With
the above assumptions, the heat transfer loss in partially saturated media is the contribution
of three mechanisms. 1) Inter and intragranular loss in the grains 2) loss in the fluid phase 3)
loss in the gas phase.

3.3.2

Phase equation of unsaturated media

As in many particle-based methods, the distribution of the temperature in a particle is a
summation of all the contributions from all the contact conductions contributing to heat
transfer. Considering the 0th particle, the temperature T0 depends on all the flux of all the
particles entering and leaving. (Fig. 3.6). Mathematically, for T0 node (Fig. 3.6)

∑ Qnet = Q1 + Q2 + Q3 − Q4 − Q5

(3.5)

Assuming that no heat is stored in the T0 node, that is

∑ Qnet = 0

(3.6)

The contribution of each flux entering and leaving could be decoupled. This contribution
which accounts for the coupling effect, is significantly small and thus contributes very little
to the temperature field. Removing this contribution helps in two ways. 1) The system of
equation is decoupled and could be solved linearly. 2) The resulting equation is represented
by a simple lattice connecting the neighbouring particle nuclei. The Voronoi cells (grey),
nucelli (red) and the lattice elements (black rod) are shown in Fig. 3.5 for a 3D representation.
The conduction of heat in 1D between nodes i and j is given by Eqn. 7.
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Figure 3.5: Modified Hertz contact model between two grains. The material properties are
transferred to Voronoi i and j, and the effect of external force on the grain is considered
within the framework of Hertz contact theory

Qi = hi j (Ti − T j )

(3.7)

where Qi is the entering heat flux and Ti and Ti are the nodal temperatures of the nodes
i and j. The parameter hi j is the total thermal conductance. For a fluid saturated media,
the total thermal conductance (TCC) is the sum of solid contact conductance (SCC) and
Gap Fluid Conductance (GFC). For fluids with relatively low thermal conductivity as that of
constituting grains, the GFC contribution is negligible. However, GFC significantly alters the
total thermal conductance at relative low contact pressure and when the GFC is of relatively
high thermal conductivity. As the pore size is smaller than 6 mm and the temperature is lower
than 375oC the effect of convection and radiation is not considered here.
In this study, we use the equations developed by Yovanivich [33] for Boundary Contact
Conductance (BCC) and GFC to calculate the TCC. Based upon these equations contact
conductance is assigned to solid particle and gap filling fluid.
 0.94  
P
ks
hBCC = C tan θ
H
σ

(3.8)

For flat rough surface the solid conductance is reported as
 0.94  
P
ks
hBCC = 0.113
H
σ

(3.9)

where σ = the RMS of surface roughness; ks = particle thermal conductivity; P = applied
load; H = the hardness number.
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Figure 3.6: The entering and leaving heat fluxes at 0th particle for heterogeneous system
consisting of Voronoi cells with different physical properties. The Solid Contact Conductance
(SCC) with is sum of the Boundary Contact Conductance (BCC) and the intra granular
conductance. The contact boundary temperature (Tb ) and the granular nodal temperatures are
shown with Tx (x = 0, i, j. . . m).
For a granular assembly with low thermal conductivity such as quartz, feldspar where
phonons act as heat carriers (In case of the metals, only boundary contact conductance is
suffiecent as negligible resistance is offered by the vibrating electrons to heat transfer) the
solid contact conductance, hSCC is made up of two parts, the granular conductance, hg and
the boundary contact conductance, hBCC .
hSCC = hBCC + hg

(3.10)

the intra granular contact conductance is given by
hg =

Ks (Tb − T0 )
lb0

(3.11)

where, hSCC is the solid contact conductance and hBCC is the boundary contact conductance and hg is the intragranular thermal contact conductance, Tb and T0 are the boundary
and nodal temperature and lb0 is the length of element from boundary to 0th node (Fig. 3.6)
Similarly, the gap fluid conductance (GFC) in case of liquid is given by
hf =

Kf
3σ

(3.12)
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where, h f and K f are the liquid contact conductance and liquid thermal conductivitiy.
And for the gap fluid conductance (GFC) for the gaseous phase is expressed as
hg = kg∗



Ag
lg


(3.13)

where kg∗ is the gas conductivity and is related to kg , the conductivity in an infinite gaseous
medium as given by Kennard [34]
kg

kg∗ = 
1 + Ml

(3.14)

The quantity M, temperature jump distance, is estimated using Masamune and Smith
[35] as


γ 1
2 − ac1 2 − ac2
+
Λ
(3.15)
M=
2 − ac2
ac2
γ + 1 Pr
where ac1 and ac2 are the thermal accommodation parameters of two surfaces and γ, Pr,
and Λ are the ratio of the specific heats, the Prandtl number, and the molecular free mean
path, respectively. The mean free path, Λ for gas molecules is given as
kb T
Λ= √
2πdg2 P

(3.16)

where P is the gas pressure, kb the Boltzmann constant, dg the diameter of the gas
molecules and and T is the temperature. For two dissimilar Voronoi cells (solid-liquid, liquidgas and gas-solid) 1 and 2 forming an lattice element, the average value of the conductance
is assigned
hi j = hi j



+ hi j
1


2

(3.17)

In thermal lattice thermal model, T0 has acts as the centre point for calculation. Considering no heat storage in cells, the equilibrium of heat flux (flux entering and leaving)
must be maintained. Mathematically, ∑ Qnet = 0, which in turn simplifies the calculation of
temperature at the centre T0 .
The temperature evolution of particle i is given as
dT0 ∑ni=0 Qi
=
dt
ρ0 ν0 c0

(3.18)
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Where ρ0 is the density, ν0 is the volume and c0 is the specific heat capacity. The term
ρ0 ν0 c0 is also knows as thermal capacity of the 0th particle. T0 is the temperature and Qi is
the total amount of heat transported to the 0th particle from its neighbor the ith particle.(Fig.
3.6) The temperature of the 0th particle T0 at any instance t + ∆t is calculated using following
scheme
n

T0t+∆t = T0t + ∑ ∆T0it+∆t

(3.19)

i=1

T0t+∆t

n

= T0t

+∑

Tit

− T0t



h
i 

−hi0
ρ0 ν0 c0 ∆t
1−e

(3.20)

i=1

3.3.3

Effective thermal conductivity calculation

For a granular assembly attached to a heat source with 1D heat transport through the lattice
elements, the average heat flux of elements k in volume V is defined as
1
Qi =
V

N

∑ Qki Ak l k

(3.21)

k=1

where Ak and Ak are the length and cross-sectional area of the elementk, respectively. The
heat flux in the element Qi is given by
Qnk = −hi j

∆T nm
l k Ak

(3.22)

where nm the unit is a normal outward vector,hi j is the total contact conductance (TCC)
calculated, ∆T is the temperature difference,l k andAk are the length and cross-sectional area
of the element, respectively. Applying the mean temperature gradient of ∂T in the material
∂xn
at the meso level in one element, the thermal gradient in each element is given by
∆T = l k nn

∂T
∂xn

(3.23)

Rearranging and substituting equation (3.21), (3.22) and (3.23) gives the following equation
"

1
Qn = −
V

N

∑ hkij l k nknnkm
k=1

#

∂T
∂xn

(3.24)
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Figure 3.7: Grain size distribution of four different sands. (Chen 2008)[36]
Comparing the equation (3.24) with Fourier’s law of heat conduction given in terms of heat
flux vector and the temperature gradient
Qn = −λn

∂T
∂xn

(3.25)

yields the thermal conductivity tensor of the granular material as
λne f f =

3.4

1
V

N

∑ hkij l k nknnkm

(3.26)

k=1

Results and Discussion

To validate the two mentioned computational techniques, we used the measurements reported
by Chen (2008)[36]. Four different sand types are used for this investigation. The quartz
content of these sands are exceeding 99 %, and the air-dried moisture content is 0.1%. Fig. 7
shows the particle size distribution of the four sands. Sand A is uniform medium sand, and
sand B is uniform coarse sand. The sand C is silty sand of uniform gradation while sand D is
well-graded medium sand. These sands are saturated to a predetermined saturation, and the
effective thermal conductivity has been reported for four different porosity values. (Fig. 3.8)
Fig. 3.9 shows the predicted results from the ANN model. A moderate range of 0.4 to 0.6
of porosity value is chosen owing to the fact that most of the sand porosity values are in this
range. As the results suggest, the behaviour of depreciation of effective thermal conductivity
with porosity is not linear. This account to the fact that once the main heat conduction paths
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Figure 3.8: Effective thermal conductivity (ETC) of four sands (A-D) using transient needle
method with varying degrees of saturation. (Chen 2008) [36]
are formed, there is no significant increase with addition conduction channels. The model is
able to capture the behaviour of sand of different particle sizes with very little computation
cost and good accuracy. The trained model could be used to predict the thermal behaviour of
sand for any porosity value in the band range of (0.2-0.8) with the available data-set.
Table 3.2 shows the performance of each ANN model on the training data of their
respective sample of sand. The loss column represents the minimum value of the loss
function (MSE) at the end of the training. Similarly, the Mean Absolute Error (MAE), is the
average of all absolute errors of the predicted data by the model at the end of the training.
MAE =

1 n
∑ Yi − Ŷi
n i=0

(3.27)

Following the similar approach to generate dry granular media with fillers and voids [3],
two different schemes are utilized for narrowband sands (sand A and sand C), and broader
dispersed grain size sands (sand B and sand D). Sand A and sand C are generated with the
segregated scheme and sand B, and sand D are generated with the random scheme. For the
random scheme, the percentage of each component is defined, and then each component
is distributed in all particle size ranges randomly. In contrast to the random scheme, the
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Table 3.1: The loss and mean absolute value for models of each sand.
Sand/Model
A
B
C
D

Loss
0.0057264
0.0058382
0.0086010
0.0112871

Mean Absolute Error
0.0539674
0.0495490
0.0674311
0.0851340

segregated algorithm cluster the particle percentage based on the grain sizes. Fig. 3.10 gives
the pictorial representation of these two schemes with three different constituting particles.
The random scheme holds its integrity for sands with a wide range of particles and similar
distribution of pore shapes and sizes. For narrowband sand, the pore shapes and sizes are
also uniform and small than the grains. A detail description of the algorithm is reported
elsewhere.[3]
Fig. 3.11 shows the modelling effort with the lattice element modelling for the full range
of saturation. Four different granular assemblies are generated with 2 phase and 3D Voronoi.
Fig. 3.11 (a) represents a dry granular system with solid quartz grains of different sizes and
voids filled with air. The heat transport mechanism in solids is modelled with thermal Hertz
contact model and for the air with gas theories. The dominant mode of heat transfer for this
granular assembly is grain to grain conduction, and thus a very haphazard temperature map
is generated after an application of 1K temperature gradient applied from top to bottom. The
method allows us to observe the complex heat transfer mechanism at a granular level with
ease and could be used to study the fundamental behaviour of heat transfer at mesoscale.
Fig. 3.11 (b) shows a granular system having a porosity of 0.4 and a saturation level of
25%. The heat transfer and the temperature map becomes more sooth as the included water
facilitates the flow of heat and allows better conduction path is owing to the higher thermal
conductivity of water as compared to air.
Fig. 3.11 (c) shows a system with 50% saturation and the corresponding generated heat
map. As the main conduction paths are formed no further improvement in the heat transfer
characteristics are observed. The phenomenon is reported in the literature [37], and this zone
is called the funicular regime.
Fig. 3.11 (d) shows a two-component system with solid quartz grain and water. All
the voids are saturated with water, and all the feasible heat transfer paths are formed. The
temperature map is smoothed, and the system attains the maximum heat transfer capability.
This observation is visible in the temperature map.
Fig. 3.12 shows the effective thermal conductivity of the four sand with experimental data
set from Chen (2008)[36], ANN prediction, LEM based numerical model and Kersten empir-
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A

B

C

D

Figure 3.9: The Artificial Neural Network (ANN) prediction of effective thermal conductivity
(ETC) for four sands (A-D) for porosity range between (0.4-0.6).

(a)

(b)

Figure 3.10: Three component granular system with particle percentage of 25% fine (blue),
15% medium (yellow) and 60% coarse (brown) particles. Two different schemes are shown
with a) Random distribution b) Segregated distribution of the constituting particles.
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(b)

(c)
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(d)

Figure 3.11: A granular assembly with broad particle sizes captured with random scheme
(top figures) with random distribution of each phase and heat map (bottom figures) with 1K
temperature gradient at steady state with various combinations (a) 60% grain 40% void (b)
60% grain 30% void 10% water (c) 60% grain 20% void 20% water (d) 60% grain 0% void
40% water.
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(A)

(C)

(B)

(D)

Figure 3.12: Change in the effective thermal conductivity (ETC) of four sand types (A-D).
The red rhombus represents the experimental measurement from Chen 2008 [36]. The black
cluster dots from 20 simulations of each porosity value by Lattice Element Method (LEM)
and the solid black line from Artificial Neural Network (ANN) model. The hashed-dot line
shows estimation from the empirical relationship develop by Kersten.[38]
ical equation for effective thermal conductivity estimation. Kersten (1949)[38] suggested an
empirical equation based on a large data set for unsaturated soil with two parameters, water
content and density. These two parameters are easy to obtain in the field and therefore, is
frequently used in practice to estimate the thermal conductivity. Other equations which use
the mineralogy, pure or granular structure required and X-ray Diffraction (XRD) and CT
scan and are difficult and costly to perform [37]. Kersten [ 38] empirical equation is given as
ETC = 0.1442 [log w − 0.2] 100.6243γd
where, w is the water content and γd is the dry density (g/cm3)

(3.28)
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Fig. 3.12 shows the LEM simulation results with a cluster of points as it is difficult to
control the porosity and degree of saturation of a randomly generated porous system. Twenty
simulations are performed near the measured degree of saturated and controlling the porosity
in the range of 0.01. The simulated data shows a good agreement with the measurements.
The solid line in the graph shows the prediction from the ANN model. The ANN
model estimations show a good agreement in a reasonable error margin. However, the LEM
simulations show a superior prediction compared to ANN. The computation time for this
calculation varies in terms of hours. For the quick estimation with limited data set for training,
the ANN model offers a better solution. Kersten [38] empirical equation underestimates the
ETC of all the sand significantly.

3.5

Conclusion

In this study, two computational techniques are employed based on physical law (LEM) and
informed based (ANN) to estimate the ETC of the sands. The following conclusions are
drawn based on the results obtained from these approaches.
1) The ANN-based on Adam optimizer can estimate the ETC of different sands with a small
data set of measurements in a fast manner.
2) The LEM model can capture the fundamental heat transfer mechanism at granular level
considering the inter and intra contact conductance with relative ease and can predict the
ETC of the sand with moderate computation resources.
3) The empirical equation of Kersten [38] is unable to estimate the ETC of sands within an
acceptable error range and is the least accurate method applied in this study.
4) The LEM based simulation requires somewhat moderate computation. It provides an
accurate prediction of effective thermal conductivity for a wide variety of sands and reflects
the advantage of using physical law in numerical computation.
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Chapter 4
Pore Lattice Element Method (P-LEM) :
Fluid flow in porous media
We made every living thing from water.
Quran 21:30.

4.1

Introduction

Porous media, natural or artificial, cemented or loose, allow mass transport either via
diffusion or convection/advection, is controlled by the network of the pore space. The
critical parameters characterising this structure are the porosity, the sizes and shapes of
the pores, and the connectivity between the pores. Engineering scale properties, such as
diffusivity or permeability, will change if the pore space geometry or connectivity is altered.
The various physical process such as cracks due to mechanical loading, leaching due to an
electrochemical reaction and microbial activity can cause alteration. However, the nucleation
of micro-fissures in quasi-brittle media or squeezing and relaxation of existing pore spaces is
dominated by mechanical loads. Mechanical loading produces significant changes in both
the fabric and shape of the pores in a concise period and thus is most effective. The method is
employed in many engineering applications such as for hydraulic fracturing of hydrocarbon
reservoirs to increase macroscopic mass transport parameters. In another application for
retention of radioactive species in geological repositories for nuclear waste, the concentration
of mechanical loads is prevented to avoid the formation of microcracks. Thus, the prognosis
of the evolution of the engineering properties with pore fabric changes is of marked industrial
value.
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With the application of X-ray tomography (XCT) and the magnetic resonance imagining
(MRI) mass transport with a reconstruction of pore space is analysed in detail by many types
of research. This type of image-based modelling has been combined with several analysis
techniques, such as Lattice-Boltzmann methods [1], finite element/difference methods for
solving Navier–Stokes flow equations [2], and particle-based methods [3], to study transport
through real pore morphologies and to analyse effects of pore space changes due to colloid
deposition [1]. The image-based modelling provides invaluable insights into the effects of the
local morphologies on the transport parameters [4] and can be used to produce macroscopic
permeability tensors for engineering scale models [5]. However, the analysis is restricted to
the imaged volume, which might not be the representative volume for the probed material,
i.e. the imaged volume could contain only a limited set of all possible size and connectivity
characteristics of the material. As a result, it is yet not certain when image-based analyses
could provide engineering scale properties.
The championed approach to the conceptualise the pore space with a discrete network
of pores appropriately connected by throats, known as pore-network modelling, is not
rudimentary [6]. Pore networks can be considered as mesoscale models, where the physical
mechanisms at the pore- or micro-scale level are averaged over, and the engineering scale
properties emerge from averaged geometrical and topological characteristics of the pore
space. Hence, the pore-network models are complementary to the micro-scale image-based
models in the effort to provide a better understanding of the relation between microstructural
characteristics and engineering properties. One benefit is that they allow for analysis of
larger physical volumes with less computational demand compared to image-based models.
Analysis of volumes larger than the currently imaged can capture topological properties
of the pore space that may not be observed in the images, e.g. long-range properties of
the network. Thus, the pore-network models have the potential to answer the question of
the representative volume size. Recently, two different approaches are proposed to include
the mechanical loading and damage associated with the application of forces. Mechanical
loading thus causes the evolution of micro-fissures which is captured with single lattice
element(Fig. 4.1 a) coupled with Biot theory[7] and dual lattice element(Fig 4.1 b) [8] that
uses the Voronoi boundaries as the flow network. The advantage of using the single lattice
is that both flow and displacement can be syncronised, but as the cracks happen, no fluid
movement is allowed as the connections disappeared. The dual mesh solves this problem and
uses the Voronoi edges as the flow path and is not influenced by the crack formation. The
flow channels are formed joining the Voronoi cells where the cracks appeared(Fig. 4.1 b).
However, both these approaches nullify the shapes of the pores and the connecting throats
thus are mathematical abstract and do not represent the accurate mesoscale representation.
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(a)

(b)

Figure 4.1: Implementation of fluid flow with lattice model (a) single lattice used for
displacement and flow computation[7] (b)dual lattice with displacement computed on cell
points and flow along the Voronoi boundaries.[8]
Therefore, pore network modelling, which includes the effect of the pore size and shape, is
implemented with the lattice element method to model the flow in granular media.
Early 3D pore-network models were based on a regular cubic lattice with maximum
pore coordination of six [9]. Later, XCT-obtained experimental data showed that pores with
pore coordination numbers larger than six could be substantial fractions of all coordinated
pores[10][6]. Based on such data, irregular pore-network models were also developed as
stochastic replicas of the reconstructed pore spaces[4]. The use of regular lattices to modelling
pore networks, however, is attractive compared to the irregular image-based lattices, for the
same reasons as discussed above. To account for pore coordination larger than six using a
regular lattice, the network topology needs to be different from the simple cubic lattice.[14]
Raoof and Hassanizadeh, 2010, suggested pore coordination increase to 26 based on cubic
support by adding 12 throats along planar diagonals and eight throats along body diagonals
to the six throats along with the principal cube directions. The large coordination number
is one attractive property of this model, but the suggested connectivity is not physically
realistic, although topologically admissible, because large numbers of throats intersect at
points that are not pores. To the authors’ knowledge, the only application of non-cubic lattice
support for pore-network construction uses rhombic dodecahedron as a unit cell[11]. This
offers maximum pore coordination of 12 with throats of equal lengths, i.e. sufficiently large
physically admissible coordination.
In this chapter, a conceptualises porous materials at their mesoscale by pore lattice
element method is presented. This is based on the generation of granular assembly with
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Poisson random lattice generation scheme. The pores are the inscribed circles or spheres
in the Voronoi cells, for 2D or 3D spaces (Fig. 4.2 a & c), respectively. After that, these
cells are connected with throats of different radius following the first approximation random
distribution (Fig. 4.2 b & d).
Furthermore, the capabilities of the lattice model, considering the shapes of pores and
connections are applied to predict experimentally measured permeability of sand. An analysis
is performed to quantify the effect of mesh size and the pore distribution in the medium on
the permeability and show that the former has a significantly stronger effect than the latter.
It also illustrates how the model can be used to study the evolution of permeability with
pore space changes with a simple strategy mimicking mechanical damage. These results
are summarised in chapter 7, along with the thermal loads. In this chapter, the details of
the mathematical background and flow through granular media with pore lattice element is
presented.

4.2

Pore Lattice Element Method

In this section, an explanation is given to extend the lattice element method with pore network
modelling to consider the pores of a porous medium. Also, the throat length and radius
connecting pores are computed based on the mean average size and distributed in a specified
range. At the mesoscale, the throats are fluid conduits and the flow is a continuum phenomenon resulting from underlying atomic-scale mechanisms such as convection, advection
and diffusion.
The pore space is characterised by a set of pores and a set of throats, which are topologically equivalent to a set of sites and a set of bonds (Fig. 4.2 a & b), respectively. A 3D domain
containing a site (pore) set can be tessellated into cells using a Voronoi construction (Fig. 4.2
c). In the resulting cell assembly, the sites (pores) reside at the centres of the cells (Fig. 4.2 b
& d). The portion of cells are assigned as grains, and no flow is allowed through them. The
remaining Voronoi cells are assumed to be voids, and an inscribed circle/sphere is placed
at the centre of the cell defining the pore volume space. The throats are connected using
the Delaunay triangulation scheme and a radius based on the first assumption is assigned to
the throat to complete the pore network. Some geometrical properties such as the average
number of cell faces, F, average number of sides per face, S, the average number of cell
vertices, V , and the average number of cell edges E are computed for the developed network.
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(a)

(b)

(c)

(d)

Figure 4.2: Representation of porous granular medium with Poisson random lattice following
the random distribution scheme. (a) generation of porous assembly with Voronoi cells
randomly assigned as grains(grey) and pores(brown). (b) generation of inscribed circles
in the voids to generate the pore network. Delaunay triangulation is performed to find the
nearest pores to establish the throat connection. (c) 3D granular medium with red representing
the grains and blue the voids. (d) The voids shown in fig 4.2c is filled with inscribed sphere
to generate the pore or different sizes.
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Pore network construction

Four geometric solids can fill the space compactly using a single solid cell. These are: the
cube with F = 6, E = 12, V = 8, S = 4; the regular hexagonal prism with F = 8, E = 18, V =
12, S = 4.5; the rhombic dodecahedron (a solid bounded by 12 equal rhombuses) with F = 12,
E = 24, V = 14, S = 4; and the truncated octahedron (a solid bounded by six equal squares
and eight equal regular hexagons) with F = 14, E = 36, V = 24, S = 5.14.
The members of the bond (throat) set link some of the sites (pores) residing in adjacent
cells. This suggests that a good description of the possible pore space configurations can be
achieved by analysis of Voronoi tessellations of point sets with the random spatial distribution
of points[12]. Kumar et al. (1992) have performed a very large series of Voronoi tessellations
with point sets distributed spatially by a random Poisson process. The results have produced
a statistical picture of the possible cell topologies. The number of cell faces has been found
to vary between 4 and 36, with the average number of cell faces F = 15.54. This suggests
that the maximum possible coordination of sites would be 36. The conclusion, of course, is
constrained by the limited number of simulations performed, but it provides a good estimate
for maximum possible pore coordination to be experimentally observed in real materials.
Indeed, experimental results show the rare appearance of pores of high coordination, e.g. up
to 25 in[13] (Al-Kharusi and Blunt (2007)). Further, the analysis by[12] Kumar et al. (1992)
showed that the number of sides per face varies between 3 and 15, with an average number
of sides per face S = 5.23. Also, the average number of cell edges is found to be E = 40.63,
and the average number of cell vertices to be V = 27.09.
A comparison between an average cell from Voronoi tessellations and the space-filling
solids suggests that this representation with Voronoi cells offers a good approximation of the
space around a pore in an average sense.

4.2.2

Throat properties

In the proposed model, the throats are represented by pipes of the circular cross-section
with corresponding hydraulic conductivity. The conductivity of a real throat is an emergent
property that depends on the viscosity of the fluid being transported and on the morphology
of any given throat. In principle, local conductivity values can be determined using fluid
mechanics calculations on experimental pore throat geometries[4] (Van Marcke et al., 2010).
For a given throat connecting two pores, η and θ , with prescribed pressures, pη > pθ (in Pa),
the calculations will provide the fluid volume, Qηθ (in m3 s−1 ), transported through the throat
morphology. The local conductivity of the throat can then be defined with cηβ = Qηβ /(pη −
pθ ), in m3 Pa−1 s−1 . Such calculations can be performed for a selected, sufficiently large,

67

Pore Lattice Element Method (P-LEM)

number of throats to obtain a distribution of local conductivity values. These can be used
to construct a distribution of bond radii in the pore lattice assembly (Fig. 4.3). Assuming
laminar flow in the pipes, the total discharge of the pipe between sites η and β is given by:
Qηθ

πR4ηθ pη − pθ
=
8µ
Lηθ

(4.1)

where Rηθ and Lηθ are the radius and the length of the pipe, respectively (in m), and
µ is the fluid viscosity (in Pa.s). From the known local conductivity distribution cηθ , the
distribution of bond radii will be given by:
Rηθ


1
8µLηθ 4
= cηθ
π

(4.2)

In the absence of sufficient experimental data to describe throat morphologies, the bond
radii can be distributed according to the throat size distribution as a first approximation
since such distributions are readily obtainable. This approximation does not capture local
morphology effects but could provide a sufficiently realistic pore structure at the macroscopic
scale. An assessment of how good the approximation is can be made by comparing model
predictions with experimental permeability data. The simplest way is to assume that all
throats have morphologies producing conductivity values proportional to the values in pipes
of corresponding lengths and cross-sections, i.e.
cηθ = α

πR4ηθ
8µLηθ

(4.3)

where α is a morphology coefficient, and Rηθ are now the distributed bond radii. As
a first approximation this value is randomly selected from zero to unity to characterise the
effect of local morphology in an average sense.

4.2.3

Macroscopic Permeability calculation

The macroscopic permeability of the pore lattice model is calculated in a manner similar to
the one used by Van Marcke et al. (2010)[4]. The model with given boundary conditions
formulates a discrete boundary value problem with unknown pressures at the sites. For a
bond connecting sites η and θ , with pressures pη and pθ , respectively, the following relation
holds: Qηβ /(pη − pθ , where Qηθ is the fluid volume flowing through the bond per second,
and cηθ is the bond conductivity determined from Eq. (4.2) for the particular bond length
and diameter. The conservation of mass at site θ is:
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(a)

(b)

Figure 4.3: (a)Voronoi cells, node points and delaunay triangulation for discretization of
the continua.(b) inscribed circle and connecting throats for the formation of the pore lattice
element.

∑ Qηθ = ∑ cηθ (pη − pθ ) = 0
θ

(4.4)

η

where the sums are taken over all bonds coordinating site θ . The local conservation
equations for the sites of the model form a system of linear equations [C]x {p} = {Q}, where
[C] is the matrix of bond conductivity values, {p} is the vector of site pressures and {Q}
is the vector of external forces, reflecting the particular boundary conditions. The matrix
[C] has the following sparse structure: the off-diagonal coefficients Cηθ (η ̸= θ ) are equal
to the conductivity of the bond between the sites η and θ , i.e. Cηθ = cηθ , if the sites are
connected or zero otherwise; the diagonal coefficients Cηη are equal to the sum of the local
conductivity values of all bonds coordinating site η, i.e. Cηη = ∑ cηθ for all θ .
Natural boundary conditions, i.e. known fluxes at sites, can be prescribed directly as
coefficients of the force vector. For example, a known discharge Qu at site η, is prescribed
by setting fη = Qu in { f }. This is typically used to prescribe zero fluxes across impermeable
boundaries, i.e. setting fη = 0 for all sites along such a boundary. Essential boundary
conditions, i.e. known pressures at sites, are dealt with in a standard manner. This involves
changes in the system matrix [C] and the force vector { f }, without altering the system size
and the vector p. For example, for a site a with known pressure pu the following changes
are made: Cηη = 1 and Cηθ = 0 in [C]; fη = pu and fθ = ( fθ − puCηθ for all (η ̸= θ ) in
{ f }. The system of linear equations describes a steady-state fluid flow through the site-bond
model and can be solved with any standard matrix solver The macroscopic permeability
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Table 4.1: The physical properties of the sand
Gravel
21.33

Sand
78.61

Silt/Clay
0.06

Gs
2.67

n
0.36

D50
1.2

D10
0.6

ρdry
1.7

Ksat (ms−1 )
288*10−5

Table 4.2: Geometrical parameters of the pore network model
Label
20
30
40
45

Nodes
16000
36000
64000
81000

Porosity(S)
0.32
0.33
0.34
0.35

Porosity(R)
0.38
0.38
0.37
0.36

of the pore lattice model, k, can then be determined from the total fluid discharge across a
permeable boundary using Darcy’s law:
k=

µQin Lm
µQout Lm
=
(pin − pout )Am (pin − pout )Am

(4.5)

where Qin is the total inflow, Qout is the total outflow, pin and pout are the applied
pressures, Lm is the model distance between the permeable boundaries, and Am is the model
area through which the flow occurs.

4.3

Results and Discussion

In this section, the developed numerical model is validated against the experimental results.
Coarse sand with grain size between (0-4) mm is chosen as a test example. Physical and
hydraulic properties of the sand are tested as per the standard testing procedure and are
tabulated in table 4.1. The sand is highly permeable and is made up of more than 98% quartz.
To model the flow through the granular porous media, two different particle and void
generation schemes are followed. A detail description of these two schemes is given in
chapter 2-3. The figures (4.4 - 4.6), the top figures (a-c), show the staggered scheme and
the bottom figures (d-f) shows the Random scheme. In these two simulation techniques, the
fabric of the pores are different and results in variation in the flow characteristics. To study
the size effect, four different simulations were performed with prism geometry. The effect
of edge and corners are not considered in these simulations but could be extended in future
work. The size of the meshes is given in table 4.2.
As shown in figures (4.4-4.6) two different procedures, namely randoms segregated, are
adopted to generate the pore networks. As the grains size distribution is non-uniform, the
resulting pores are of also different sizes and shape. Thus, the random scheme is applied to
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.4: The numerical simulation of flow in the porous granular media with the rectangular geometry of 16000 seed points.(a)Generation of porous media with segregated Poisson
Voronoi scheme with (grains)red and (voids)blue (b) the pore network with the inscribed
spheres to generate the pores of the pore network model. (c) distribution of pressure in the
pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue). (d)
Granular assembly generation with random Poisson Voronoi lattice (e) interconnected pore
spaces with a wider range of pore volume due to random scheme (f) distribution of pressure
in the pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue).The
pressure gradient plot shows the zigzag pattern and the microscopic flow behaviour.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.5: The Numerical simulation of flow in the porous granular media with the rectangular geometry of 36000 seed points.(a)Generation of porous media with segregated Poisson
Voronoi scheme with (grains)red and (voids)blue (b) the pore network with the inscribed
spheres to generate the pores of the pore network model. (c) distribution of pressure in the
pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue). (d)
Granular assembly generation with random Poisson Voronoi lattice (e) interconnected pore
spaces with a wider range of pore volume due to random scheme (f) distribution of pressure
in the pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue).The
pressure gradient plot shows the zigzag pattern and the microscopic flow behaviour.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.6: The Numerical simulation of flow in the porous granular media with the rectangular geometry of 250000 seed points.(a)Generation of porous media with segregated Poisson
Voronoi scheme with (grains)red and (voids)blue (b) the pore network with the inscribed
spheres to generate the pores of the pore network model. (c) distribution of pressure in the
pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue). (d)
Granular assembly generation with random Poisson Voronoi lattice (e) interconnected pore
spaces with a wider range of pore volume due to random scheme (f) distribution of pressure
in the pores with an applied pressure of 1 Pa at the top (red) and 0 Pa at the bottom (blue).The
pressure gradient plot shows the zigzag pattern and the microscopic flow behaviour.
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Figure 4.7: The permeability value predicted by the pore lattice model. The blue dots are
the values of the 50 simulations performed, and the red asterisk is the average value of each
simulation. The dashed line is the experimental measurement of the hydraulic conductivity
value (2.88x10−3 m/s) of the sand used in this study. The simulation value approaches the
experimental results as the seed points in the model increases.
regenerate the pore network model for numerical computation. The hydraulic conductivity
calculated from the random distribution thus correlates more closely to the experimental
results as the generates pores corresponds to the distribution, orientation, shapes and sizes of
the generated pores and the corresponding pore network. The segregated scheme shown here
could be used to compute the hydraulic conductivity of a granular system with uniform grain
sizes which produces more even pores. It is also observed form figures (4.4-4.6)(c and f) that
the generated pore networks following different schemes results is a different distribution of
the pressure gradient. This method offers a rich observation at the mesoscale and pore-scale
pressure gradient at a nominal computation cost.
The average predicted permeability seems to increase with the mesh size for the cases
considered. This observation correlates with increases in length (check Jovanvic paper &
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discuss). However, the outcomes are not sufficient to judge that the prediction is improved
with increasing size as the number of random distributions per model is limited to 50. By
and large, the results show independence of the average predicted permeability on the model
size after a representative model size is reached.
It should be noted that while the spread cannot be eliminated so long as the model size
is smaller than the representative volume for the material, an increase of model realisations
potentially improves the prediction in average because of the wider set of throat sizes
involved.
The results presented in Fig. 4.7 show that the proposed model can deliver very good
predictions of macroscopic permeability using a relatively limited set of microstructural
data. The results suggest that the representation of inscribed spherical pores and throats as
cylindrical pipes is a reasonable assumption. Evidently, an increase in model size yields a
reduction of scattering, which is expected as the pore and throat size population in the model
becomes more representative for the pore network distribution. The average permeability
prediction does not appear to be affected by the model size.

4.4

Discussion

In this chapter, the computation of macroscopic permeability is presented computed from
the pore lattice model. However, the model could be integrated to study the complex
and interesting phenomenon of the effect of the pore space evolution on the macroscopic
permeability, when triggered by different mechanisms, such as corrosion and mechanical
damage. The corrosion-induced changes are relatively easy to implement and analyse, as
these are associated with local increases of pore and throat sizes. This can be achieved with
a complementary model having the same geometry and topology as the pore space model
and reflects the understanding that corrosive agents are transported predominantly along the
easy pathways of the pore space, rather than through the solid phase. The model can have its
own driving forces, such as electrochemical potential gradients or concentration gradients,
but can also be informed from the results of the pore space model about local fluid fluxes.
Conversely, the results from the complementary model in terms of pore space changes will
inform the pore space model.
The pore space changes due to mechanical damage are more difficult to model and
analyse, as these are associated with mechanically driven nucleation and growth of microcracks. So far mechanical damage has been introduced in a heuristic manner, where the
material failure around a pore is represented by the creation of new flow channels to initially
unconnected neighbouring pores and by the enlargement of existing flow channels. The
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process is isotropic, i.e. all coordinating directions of the pore are equally considered, due to
the assumed tensile hydrostatic stress field. Even with such a simplification, the simulations
revealed interesting properties of the damage-permeability correlation.
More realistic studies, in particular, to analyse loading cases of practical interest, can be
achieved by coupling the proposed pore space model with a complementary model for the
deformation of the solid phase of the porous medium. A natural and beneficial approach is to
use a discrete representation of the solid phase that has the geometry and the topology of
the site-bond support used for the construction of the pore space. In this approach, the sites
of the complementary model are again associated with the pores, whether they are isolated
or connected. The bonds are deformable links between all existing pores, i.e. all bonds of
the pore lattice are linking in the solid phase model. An important requirement for these
bonds is that they must represent all possible relative deformations between the coordinated
grains, i.e. three independent relative displacements and three independent relative rotations.
However, a simplistic approach could be to represent the mechanical model with spring
elements and extend into three-dimensional space. This is an emergent requirement at the
mesoscale and marks a major difference from, e.g. atomic-scale models or discrete element
method models, where the bonds between atoms or nodes transfer axial forces only due to
the relative displacement of the atoms or nodes along with the bonds directions.
The pore lattice model based Poisson Voronoi lattice with embedded discontinuity has
been shown to reproduce the realistic fracture network and of practical interest. The model
is present in chapter 5. This provides strong support for the use of such a model for the
deformation of the solid phase coupled with the pore lattice model analysed in chapter 7.

4.5

Conclusion

In this chapter, the pore network model is presented considering the mesoscale structure
of a porous medium with a simple Poisson lattice. The thus generated granular assembly
demonstrated that the new pore lattice framework could be used for producing a rich set of
real pore spaces. The model is tested against the experimental macroscopic permeability
and illustrated a good match with experimental data. The work also presents two different
computational schemes used to compute the macroscopic permeability and shows the effects
of pore size and network connectivity have a significant effect on permeability.
The proposed a pore lattice model coupled with the classical lattice model for crack
initiation and propagation could easily capture the complex pore space generation and ease
of fluid movement along the newly generated crack paths thus incorporating the mechanical
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behaviour on the evolution of permeability with damage. The failure models are reported in
chapter 5 and the coupled Thermo-Hydro-mechanical(THM) model in chapter 7.
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Chapter 5
Nonlinear Lattice Element Method
(N-LEM): Failure of bio-cemented
granular media
Fractures well cured make us more strong.
Ralph Waldo Emerson

5.1

Introduction

From the reported early scientific studies to the recent times, the complex behaviour of
naturally occurring loose or cemented granular matter is quantified in terms of chemical and
physical processes. The current scientific knowledge is founded upon the proven mechanical
principles and geological processes for these granular matters [1]. Numerous researches in
the past century have contributed to the addition of mineralogy and colloidal chemistry to
this knowledge [2]. In the last two decades, after the reported discovery of calcium and iron,
carbonates, oxides, phosphates, sulfides, and silicates precipitating bacteria [3], a large effort
has been made towards the scientific enquiry to access the performance and importance of
these organisms in the field of geomechanics and geo-techniques [4].
The current existing practice of soil improvement relies on mixing natural or synthetic
resins such as jute, polypropylene, polyester and geosynthetics. The other technique is the
construction of in situ structures such as sand or stone columns. The dominating technology
for this purpose is the chemical injections, i.e. cement or lime injections. The resin mixing
and mechanical stabilisation require substantial energy for their production or installation.
The chemical injections, on the other hand, are riddled with the problem of high viscosity or
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fast hardening rate of the injected fluids and large numbers of the injection site to cover the
desired area. Moreover, the chemical grouting can cause serious environmental pollution, i.e.
the groundwater and contribution to ecosystem disturbance due to a significant reduction of
the treated soil permeability [5-7].
The mineral precipitation in granular media involving microorganisms can follow different mechanisms pertaining to biologically-controlled, biologically-influenced and biologicallyinduced ones to achieve binding among the grains [8]. The microbiologically induced calcite
precipitation (MICP) utilises the chemical alteration of the environment, where the microcellular activity influences saturation state causing supersaturation and precipitation of
minerals by common soil bacterial organism Sporosarcina pasteurii. Such bacteria are
chosen for engineering applications due to easy availability and beneficial environmental
considerations [9].
In geotechnical engineering, the induction of carbonate precipitating bacteria among
the sand grains has to lead to an improvement in thermo-hydro-mechanical properties of
sand. The method has been applied to study the strength and porosity [10], stiffness and
compressibility [11], impermeability [12], shear strength [13], freeze-thaw cycles [14],
mitigation of liquefaction of loose sand [15], immobilisation of the sand dust with related
pollutants [16] and thermal conductivity [17]. The method is also applied to study the
influence of bio-cementation on strength in the marine sand[18], wellbore cement integrity
enhancement [19] and uranium tailings reinforcement [20]. All these studies are based on
the experimental treatment of the bio-cementation processes.
However, there is a limited number of numerical studies on this topic. Since MICP
attracts much attention due to its beneficial properties, there is a need to develop efficient and
reliable numerical predictive tools for such technology.
In the recent past, some studies were performed with mathematical modelling using
the elasto-plastic mechanical constitutive model [21] and numerical modelling by discrete
element method (DEM) to study the shear strength [22][23]. The DEM based approaches
are riddled with the large computation time and unrealistic rounded particle assumptions.
Although the method provides a glimpse of granular micro-mechanics, it is exploratory in
nature and confined to the simulation of relatively small particle assemblies.
The objective of this article is to present the results of bio-cementation of fine uniform
sand to increase the mechanical properties, such as stiffness and compressive strength. This
soil improvement method is beneficial in many applications in the field of geomechanics and
geo-techniques, such as an increase of liquefaction potential of the sand. The sand used in
this study is graded uniformly between 0-1 mm, which falls in the susceptible liquefaction
range for sand. For qualitative analysis such as the mineral formations and microstructure
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Table 5.1: Physical properties of Houston Sand
D50

Cu

Shape

Gs

emin

emax

0.33

1.7-1.9

Subangular
to angular

2.64

0.62-0.65

0.96-1.0

modification, the X-rays diffraction (XRD) and scanning electron microscopy (SEM) for the
bio-cemented sand has been performed. As for a numerical point of view, we propose here a
lattice element method based approach [24] to compute the unconfined compressive strength
of bio-cemented sand with varying degree of cementation. This approach is used to model the
mesoscale constituents of bio-cemented sand, namely sand grains, voids and bio-cementation
inside the voids. The granular assembly is constructed using Voronoi cells and Delaunay
triangulation scheme following the Poisson random lattice (PRL) for a wide range of grain
sizes. [25] However, for a more regular grain size distribution, the Vectorizable random
lattice (VRL) scheme, could be followed. [26] The constructed Voronoi cells pertaining
to grains and voids are randomly distributed throughout the domain. Lattice elements in
terms of beams represent cohesive links between the Voronoi cells. The material properties
of sand grains and bio-cementation are assigned to corresponding lattice elements. The
complex mesoscale failure mechanisms are obtained with the progressive failure of lattice
elements. This results with an efficient numerical model for predicting the final failure in
such heterogeneous specimens. The experimental results and the proposed numerical model
show a promising capability for prediction of mechanical failure in bio-cemented sands.

5.2
5.2.1

Experimental study
Sand

This experimental test was performed on Houston sand, which is a fine-grained, sub-angular
to angular, siliceous sand [27]. The sand is uniformly graded between 0.50 mm and 0.063
mm sieves of DIN series (Fig. 5.1). The mean particle diameter, D50, and the uniformity
coefficient, Cu, are close to 0.33 mm and 1.8, respectively (Table 5.1). The density of
soil particles, Gs, is 2.64, and the minimum and maximum void ratios, emin and emax,
determined according to ASTM D4253-00 (ASTM 2006) and ASTM D4254-00 (ASTM
2006), are close to 0.66 and 1.00, respectively.
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Figure 5.1: Grain size distribution of the sand used in this study
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5.2.2

Bacteria

In this study, the bacterium Sporosarcina pasteurii [26] DSM 33(ATCC 11859), type strain,
German Collection of Microorganisms and Cell Cultures (DSMZ), Braunschweig, Germany
has been procured to generate bio-cementation. All the convention on Biological Diversity
and Nagoya Protocol on access to genetic resources and the fair and equitable sharing of
benefits arising from their utilisation under the guidelines of the EU regulation 511/2014 are
followed for procurement, culture, and environmental precaution as provided by the DSMZ
are followed. The bacteria were isolated from soil. The utilised strain is mesophilic with a
recommended temperature for the cultivation of 30oC (DSMZ, 2018). The potential salinity
ranges from distilled water to full seawater [29]. Anaerobic cultivation is recommended
(DSMZ, 2018). Sporosarcina Pasteurii has a diameter size within 0.5-3.0 microns.
The technique involves introducing aerobically cultivated bacteria with highly active
urease enzyme into the soil, harnessing the urease enzyme to catalyse the hydrolysis of urea
to produce ammonium and carbonate ions. The chemical reaction involved in this process is
shown as follows (Eq. [5.1]):
2−
CO(NH2 )2 + 2H2 O −−−→ 2NH+
4 (aq) + CO3 [1]

In the presence of an introduced calcium source, often calcium chloride CaCl2 , the calcium
carbonate CaCO3 (calcite ,aragonite and vaterite) forms throughout the soil matrix based on
the following chemical reaction (eq. [5.2]):
Ca2+ + CO2−
3 −−−→ CaCO3 (s)

5.2.3

[2]

Microscopic and composition study

X-Ray Diffraction (XRD)tests
X-Ray Diffraction (XRD) is an analytic technique that use an X-ray source and detector
to provide quantitative mineral phase analysis, including crystallography and the relative
fraction of multi-phases of the materials. It can distinguish the major, minor and trace
minerals present. The diffraction pattern produced when a crystalline material is analysed the
material’s crystalline/lattice structure. Qualitative results can be obtained when the resulting
diffraction pattern of an unknown sample is compared with a library of known patterns.
Fig. 5.2 provides the mineral phase present in the sample in crystalline form. The Bragg
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Figure 5.2: XRD of sand (top) and bio-cemented sand (bottom). In the top figure the peaks
corresponds to Quartz mineral (blue) and trace amount of other minerals. The bottom figure
shows the peaks corresponding to Quartz (blue) and Calcite (black) minerals with some trace
minerals for bio-cemented sand(V)
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refraction angle θ and the intensity of the diffracted beam from the sample identifies the
density of the electrons in the crystalline structure of the bio-cemented sand. Sand and
bio-cemented sands are exposed to the X-ray source, and the peaks at the angles of refraction
are measured. These peaks correspond to quartz for the sand and calcium carbonates for the
bio-cemented sand. Due to the formation of crystalline calcium carbonates in the form of
calcite minerals, the peaks for bio-cemented sands masks the quartz minerals at some angles.
This test qualitatively proves the presence of calcite. However, the evidence is not conclusive.
Therefore, a further microscopic investigation is performed to observe the formation of
calcium carbonates in the bio-cemented sand.
Scanning Electron Microscopy(SEM)
The microscopic pictures of the sand and bio-cemented sand have been taken using a scanning
electron microscope (SEM) (CamScan 44, Applied Beams, Oregon, USA). The samples were
coated with a sputter of gold/palladium 80/20 with a coating thickness of 15 - 20 nm using a
Sputter Emitech K550 (Emitech Ltd., Ashford, UK). Fig. 5.3 shows the sand, and the bio
cemented sand. Figure 5.3b shows the formation of calcium carbonate nodules over the grain
surface and among the grains. The bio-mineralization can produce different phases of CaCO3
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b)

a)





Figure 5.3: The Scanning Electron Microscopy (SEM) pictures of the (a) loose sand and (b)
bio-cemented sand. The deposited Calcite noodles are all over the grain surfaces and among
the grain contacts enhancing the cohesion and friction resistance of the treated media.
anhydrous polymorphs in the form of calcite, aragonite and vaterite, and hydrated crystalline
phases as monohydrocalcite (CaCO3 H2 O), hexahydrocalcite or ikaite (CaCO3 6H2 O), as
well as amorphous calcium carbonate (ACC). The most thermodynamically stable polymorph
of CaCO3 is calcite and is the main product of CaCO3 in many MICPs [30]. Fig. 5.4a and
5.4b show the formation of calcite and aragonite in the sample, where the amount of aragonite
is in trace quantity. The prime deposition of bio-mineralization with bacteria sporosarcina
pasteuriiis is calcite, as found in Fig. 5.3b.
The inter-granular carbonate precipitation increases the cohesion of the bio-cemented
sand, while the surface modification due to calcite precipitation leads to an increase in the
friction angle. The location of calcite precipitation could be controlled with the degrees of
saturation, allowing more inter-granular calcite formation that exhibits higher cohesion but
lower friction angle improvement. The details of this study will be reported elsewhere.
Chemical Analysis
The acid dissolution method has been adopted to find the amount of calcium carbonate
precipitated after treatment. As the main compounds formed in the bio-cement is Calcium
Carbonate (mainly Calcite), the amount of Calcite precipitated is calculated from dilute
acidic reaction with HCl (Hydrochloric Acid).
CaCO3 (s) + 2HCl(l) −−−→ CaCl2 (aq) + CO2 (g) + H2 O(l) [3]
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a)

b)

 

 







Figure 5.4: Deposition of the various anhydrous polymorphic form of Calcium Carbonate. (a)
The formation of Aragonite (spike needles) on the surfaces of the grains. (b) Formation of Calcite (polygonal nodules) and Aragonite (Spike needle) observed with the bio-mineralisation
process.
The escaping CO2 is allowed to react with Ca(OH)2 solution. This reaction is neutralisation reaction and precipitate CaCO3 .
CaOH2 (aq) + CO2 (g) −−−→ CaCO3 (s) + H2 O(l) [4]
The amount of CaCO3 in the sample is calculated as
WCaCO3 =

WCO2 .100.100
44.WSample

(5.1)

A slow stream of nonreactive gas N2 is passed to flush the CO2 completely to ensure the
reaction completion. Upon the reaction completion no more bubbles of CO2 appear in
Ca(OH)2 solution .

5.2.4

Sample preparation and testing

The test columns consisted of acrylic glass and had been filled with sediment with a grain
size of 0-1mm (Fig. 5.1). The columns used here are 0.5 m high and has a diameter of
0.05m. Three inward and outward flows enabled the flow through the column. In order to
prevent sediment from getting flushed out of the column, two layers of fly-net with a mesh
size of 0.1 mm have been placed on top and the bottom. An extra protective filter paper is
placed to hold the grains. The inner surface is greased for easy removal of the sample after
the bio-cementation process. The column has been rinsed from bottom to top to allow gas
bubbles to escape. The fluid flow has been maintained with a hydraulic gradient of 0.32
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(a)

(b)
Figure 5.5: Experimental setup of the columns experiment. a) Experimental setup b)
Schematic illustration of the setup of the column experiments.
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m and has been kept constant for all the experiments, and a level drains installed above to
collect the spare fluid. The level drain has been constantly fed using a peristaltic pump and
a dosing pump which pumped medium out of the storage vessel. A circulation system has
been set up similar to previously reported researches [31,10] An alternative to the method is
the gravity-driven drip system which is applied to achieve bio-cementation in coarse granular
media [32].
The unconfined compression test was performed according to ASTM D 2166-87 standard
specifications. The mixtures were prepared of the sizes of 50 mm diameter and 100 mm
height of cylindrical shape. All the test samples were kept at 25 ± 2oC for a period of 4
weeks to achieve uniform conditions after treatment cycles. The samples were tested for 1, 5,
12, 15, 18 cycles to achieve different cementation percentages. A Wille UL-25 displacement
control testing machine is used to a constant strain rate of 0.5 mm/min to achieve gradual
loading and allowing redistribution of stress during testing. Table 2 shows the change in
sample density with bio-mineralisation and the amount of carbonate precipitated with each
treatment cycle. A maximum density of 1.9 gcm−3 is achieved with 18 cycles of treatment
with 11.76% of carbonate precipitation.
The results of Unconfined compression strength (UCS) testing is presented in Fig. 5.6.
The graph shows a positive correlation with a number of biochemical treatments with
compression strength. The strength gain is due to more calcium carbonate precipitation
within the pores and the contact grain boundaries (Fig. 5.3b). A maximum UCS of 2 MPa is
attending with 18 treatment cycles. The critical aspect of strength gain is the distribution of
bio-cementation among the grains. The strength increasing mechanism in bio-cemented sand
could be explained in terms of grain to grain bond strengthening and surface modification.
The bond strengthening calcite deposits helps in binding the granular matter. The bonds exist
in the form of grain-calcite-grain or calcite-calcite bonds. The cohesion of the bio-cemented
sand exists due to this type of calcite precipitation.
Grain-calcite-grain cementation could be controlled with degrees of saturation of the
sample [33]. The surface modification that leads to pore space filling of the bio-cemented
sand increases the surface roughness and the density of the sample. This also leads to a
decrease in the porosity of the sand. The surface precipitation grown with the number of
treatments causes larger surface roughness with each treatment cycle, which contributes to
granular friction as more energy is required to overcome the interlocking of the grains during
the shearing process. The improvement of the effective friction angle and effective cohesion
of the treated sand varies linearly and exponentially with the enhancement of the precipitated
calcite, respectively. The degree of cementation has a direct influence on the strength and
stiffness of bio-cemented sand [13].
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Figure 5.6: Unconfined compressive strength of sand after different treatments(N)

Table 5.2: Sample density and the amount of carbonate precipitated with each treatment
cycle

Serial No.

Number
of
treatments (N)

Deposited
Initial dry den- Treated
dry
Mineral
sity(g/cc)
density(g/cc)
Content(%)

1
2
3
4
5

1
5
12
15
18

1.7
1.7
1.7
1.7
1.7

1.73
1.75
1.84
1.87
1.9

1.76
2.95
8.24
10
11.76
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It is important to emphasise that highly cemented sands (12, 15 and 18 cycles) behave like
quasi-brittle materials, and they exhibit diagonal shear crack patterns in post-peak softening
failure phase. On the contrary, lightly cemented sands (1 and 5 cycles) are characterised
with the more ductile macroscopic response, while the failure mechanism does not reveal
the growth of localised cracks in the specimens. The dilatant behaviour followed by large
movements of the particles and clusters is much more pronounced.

5.3

Lattice element method

5.3.1

Representation of bio-cemented granular material with Lattice
Element Method

Lattice Element Method (LEM) is a method in which spatial representation of elements relies
on Voronoi tesselation. Namely, the domain is partitioned into Voronoi cells, which are then
used to obtain the network of lattice elements.
Those elements can be used as cohesive links between the cells (Fig. 5.7.a). The network
of one-dimensional elements then represents the mechanical system. Lattice elements can be
springs, trusses or beams, depending on the required application. The summary of various
lattice element models can be found in [24]. The main advantage of lattice element models
is a possibility of representation of complex failure mechanisms in a heterogeneous and
disordered material as a result of progressive breakage of lattice elements [34].
Lattice element models have been vastly used for mesoscale fracture representation in
concrete, rocks, multi-physics applications such as fluid-saturated porous media or thermohydro-mechanical problems [35-45]. However, to the author’s knowledge, it has not been
applied to cemented or bio-cemented granular materials.
In this work, we provide the lattice element methodology that uses Timoshenko beams
as elements for the representation of bio-cemented sands. Moreover, we aim to consider
the mesoscale constituents of such material, namely sand grains, voids and bio-cementation.
Voronoi cells representing sand grains and voids are randomly distributed throughout the
domain (Fig. 5.9). The void ratio can be obtained through the area of Voronoi cells. It is
assumed that cementation is distributed in all voids. However, the amount of cementation is
controlled with the geometrical parameters, such as the size of cross-sections of the lattice
elements that fall into the cemented area (cemented bonds) (Fig. 5.7), similarly to the concept
of parallel bonds in DEM as shown in [22]. Namely, the size of cross-sections controls the
volume and also the stiffness of the beams that represent cemented bonds. The procedure
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(a)

(b)

Figure 5.7: Meso-scale representation of bio-cemented sand a) initial state with sand grains
and voids b) deformed state in which failure of neighbouring lattice elements produces the
crack propagation by activating embedded discontinuities
for obtaining cross-sections of the lattice elements is to assign the value of a cross-section
of each beam in the mesh as a common edge of neighbouring Voronoi cells (Fig. 5.7a).
After that, the cross-sections of the beams representing bio-cemented bonds are reduced by a
factor of the amount of cementation in the specimen. In the proposed examples, we multiply
cross-sections of the beams that represent cemented bonds by factors 0.0824, 0.1 or 0.117,
leading to 8.24%, 10%and11.7% of bio-cementation in the specimen. In the present study,
cementation size and cementation distribution were assumed as uniform, which is not the
case in reality. However, the effect of bond distribution can be implemented, which would
allow for full stochastic identification of parameters. The mesoscale concept is shown in
Fig.5.7.

5.3.2

Mechanics of failure in lattice elements

In this subsection, we give the formulation for the mechanics of failure in lattice elements.
The problem of failure is, in general, a very complex and highly nonlinear problem in
which heterogeneous displacement and strain fields arise due to the occurrence of cracks
and debonding of material. Namely, the significant displacement gradients related to crack
opening result in a material which cannot be described with continuum anymore. In that
sense, the classical continuum finite element method cannot provide the correct results [46].
However, many enhanced and extended finite element methods developed to overcome this
issue. Some of them are capable of including discontinuity lines inside the finite elements,
such as extended finite element method (X-FEM) [47-48] or embedded discontinuity finite
element method (ED-FEM) [49-50]. On the other hand, phase-field models [51-52] can solve
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the problem of discontinuities by smearing and smoothening the boundary of the crack by
using very fine meshes.
The structure of lattice element models provides the possibility to represent the complex
failure mechanisms with crack initiation and propagation, crack interaction, branching and
merging through the progressive failure or degradation of neighbouring lattice elements
(see Fig. 5.7.b). The failure of lattice elements can be completely brittle with reducing
the stiffness to zero after the element reached some failure threshold, or it can go through
the progressive degradation represented with prescribed softening constitutive law [24,53].
The two main groups of lattice element models related to the solution procedure of such
nonlinear problem can be pointed out. One group is able to solve the nonlinear equations with
sequentially linear algorithms like presented in [54]. Negative-stiffness terms are avoided
here, as well as classical iterative procedures which could easily fail to converge when trying
to reach the equilibrium between cracks, surrounding medium and fracture process zone
(see [24]). However, sequentially linear procedures suffer from mesh dependence with the
representation of discontinuities, similarly like the finite element method. On the other
hand, nonlinear lattice element models use the classical incremental, iterative procedure,
usually with Newton iterations to find the equilibrium between the external and internal
forces. These methods also suffer from mesh dependence when dealing with failure and
cracks. In this article, we use the nonlinear lattice element model with the embedded strong
discontinuities inside the lattice elements. Embedded strong discontinuities incorporated in
solid elements have already been used in various applications with brittle and quasi-brittle
failure [55-58]. However, the embedded strong discontinuities are introduced here in the
lattices of the proposed model to eliminate mesh dependence when cracks start to propagate.
The same model that we use here for the failure of bio-cemented sand was already used in its
various versions to compute the quasi-static and dynamic failure in rocks, concrete or dry
soil, as well as in the failure of saturated porous media [35-40].
The primary goal of this work is to compute the failure at the mesoscale of such material,
where cracks propagate through the voids filled with bio-cementation avoiding the sand
grains. The representation of the mesoscale structure of bio-cemented sand is described in
the previous subsection.
Lattice elements are constructed so that the embedded strong discontinuities are inserted
inside the Timoshenko beam elements, where Timoshenko beam of length le and cross-section
A = h · 1 have the following strains ε



ε(x) = du
dx


dv
ε (x) =  γ(x) = dx
−θ 
κ(x) = dθ
dx

(5.2)
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Figure 5.8: Timoshenko beam as a lattice element with standard degrees of freedom and
additional ones related to jumps in the displacement fields
Vector u = [u v θ ]T contains the displacements and a rotation as shown in Fig. 5.8 and ε =
h
iT
ε γ κ is the corresponding strain vector.
Classical beam is equipped here with displacement jumps as additional degrees of
freedom by using the Heaviside function Hxc defined by Hxc (x) = 0 for x ≤ xc and Hxc (x) = 1.
The discontinuity position is denoted with xc . Variables in vector α = [αu αv 0]T represent
the crack opening, while the heterogeneous displacement field can be written as
 

u(x)
αu
 


α Hxc =  v(x)  +  αv  Hxc
u(x) = u(x) +α
θ (x)
0


(5.3)

The second part in the above equation produces the enhanced strain field
α +α
α δxc
ε = Bua + Gα

(5.4)

where δxc is the Dirac function and corresponds to the embedded discontinuity.
The failure in each lattice element is triggered when local stress levels (axial and shear
stress) reach the ultimate stress levels σu or τu . The shear failure threshold is defined with
Mohr-Coulomb law as τu = c + σntanφ and it represents the material meso-scale property.
After reaching those failure thresholds, the crack can propagate in mode I (tensile opening)
or mode II (shear sliding), depending on which ultimate stress level is reached. Each mode
can be activated alone, or both can be activated at the same time leading to mixed mode crack
growth. After the stress limit is reached, plastic exponential softening behaviour is activated
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with the following constitutive law



σu
q = σu 1 − exp −ξ
Gf

(5.5)

where q represents softening variable and G f fracture energy. In this model, we use two
fracture energies, for mode I and mode II.
The virtual work equation can be constructed as Gint,(e) − Gext,(e) = 0, while the final
assemblage of elements leads to the two groups of equations


el
Ane=1
fint,(e) − fext = 0
h(e) =

Z le
0

(5.6)

T

G σ dx + t, ∀e ∈ [1, nel ]

The first of these is a set of global equations where f int,(e) = 0le BT σ dx. The second equation
is enforcing the local residual to be zero, due to discontinuity in each element.
h
iT
Beam stress resultants σ = N V M are computed with softening plasticity as a
result of the occurrence of failure modes I and II activated upon reaching the failure threshold.
The stress resultants in linear elastic response prior to failure are computed with classical
beam stiffness, axial, shear and bending. We use the following material constants as input
parameters here: elastic modulus and Poisson ratio. The rotation is always kept linear
elastic. Geometric stiffness parameters are computed from beam cross sections for each
beam element in the mesh.
In order to solve the proposed nonlinear problem, the consistent linearization (e.g. see
[46]) of both equations has to be performed. The standard Newton procedure for the solution
of nonlinear equations is used to provide new values of nodal displacements. The two
nonlinear equations can be statically condensed leading to a reduced stiffness matrix in
(i)
finite element assembly. A new iterative displacements ∆un+1 form the displacement vector
update
h
i
e
(i)
int,e,(i)
ext,e
el b
el
Ane=1
Kn+1 ∆un+1 = Ane=1
fn+1
− fn+1
(5.7)
(i+1)
(i)
(i)
=⇒ un+1 = un+1 + ∆un+1
R

For more numerical details on this model see [35].

5.4

Results and discussion

Fig. 9 shows the three different granular assemblies generated to represent the bio-cemented
sand. A porosity value of close to 40% is maintained as the exact partition is not possible
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due to the random generation of cells and assigning of materials properties to each cell. The
bigger Voronoi cells (brown) are assigned the material properties of the sand grain, and the
smaller cells (grey) are given the properties of the binder media. The assumption is that the
voids represented by the grey cells represent the void and the bio-cementation. The material
properties are assigned to the elements representing each portion of the constituting biocemented granular media. The material parameters of the grain elements at the mesoscale are
assigned as E = 70GPa, ν = 0.3 and no bond breakage in the grain bonds are allowed. This
assumption is based on no physical crushing of the grains. The experimental observations
also suggest that during testing mostly the calcite bond among the grains are broken. For the
big calcite crystals deposited between the two grains, often the failure mode is delamination
from the grain surface. However, for the small grains, crushing of the calcite results from
the failure of the cementation. The cement bonds are assigned the following mechanical
properties; E = 1.6GPa, ν = 0.3, σu = 3MPa, cohesion c = 3MPa, φ = 40◦ , G fI = 7N/cm,
G fI I = 7N/cm
The formation of cracks in the sample and their initiation, propagation, branching,
fingering and coalescence are captured with the developed model along with the formation
of diagonal shear band cracks observed during the laboratory testings are present. These
diagonal cracks are a mechanism of failure in any brittle or quasi-brittle cemented material
subjected to cylinder compressive loading. A detail of these compressive failure surfaces
for bonded granular media such as cement concrete is provided in ASTM C 39 (ASTMInternational, 2004b) [59].
To model the unconfined compression tests of the bio-cemented sand, three different
meshes are generated with 800, 3200 and 7200 nodes to test the mesh dependency. The
material properties are assigned to that of 8.24% bio-cementation level to the bonds. The
stress-strain response of the system is measured and plotted against the experimental results.
Fig. 5.10a. shows a similar nature and peak response correlating to three different mesh sizes.
The coarse and the finest mesh follows the same path when it comes to macroscopic curves.
The medium-mesh shows a stiffer response and attends the closest in terms of peak value
against the experimental observation. An interesting observation to mention is that these
responses are related to the specific arrangement of bonds and grains and could change in a
reasonable margin. Although the results are size mesh independent, for the coarse mesh, the
formation of grain clusters and bond segregation could produce a significant change in the
response. Therefore, a minimum of 3200 nodes mesh is used for the rest of the computation
that corresponds to optimum accuracy and computation time.
The failure patterns of the numerical tests in unconfined compression are plotted in
Fig. 5.10(b-d) for the 8.24% of the bio-cementation level of the three different mesh sizes.
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(a)

(b)

(c)

Figure 5.9: Three different medium meshes (3200 cells) of the similar porosity value: a)
Mesh1, b) Mesh2, c) Mesh3
The failed elements are marked with red. The coarse mesh (Fig. 5.10b) shows a diagonal
failure. As the mesh size decreases, the failure pattern becomes more defined and follows the
weak shear plane with a single diagonal crack (Fig 5.10c). Fig 5.10d reveals the contour of
the finest mesh and shows the two diagonal cracks forming the two unsymmetrical cones
with branching, fingering and coalescing as the sample fails. This observation is captured
with relative ease with the lattice model and at a very low computational cost. Fig. 5.10d
also shows many crack nucleation sites at weak cementation zones which is inherent to the
cemented granular media. The method not only captures the macroscopic behaviour but also
provides the local failure mechanism, giving a glimpse into granular physics.
Fig. 5.11 shows the simulated unconfined compression test results for 8.24% biocemented
sand with three medium meshes shown in Fig. 5.9. Fig. 5.11a shows the macroscopic
curves from the experiment and numerical responses from the three generated meshes. It is
observable from the graph that each granular assembly shows different macroscopic material
behaviour due to the distribution of grains and bonds in the material. This observation also
signifies that the failure in composite cemented granular media is of stochastic nature. This
observation is confirmed by laboratory testings, where it is impossible to recreate the same
granular and bond assembly. Fig. 5.11(b-d) shows the broken numerical specimens of three
different meshes (shown in Fig. 5.9(a-c)) at the end of simulation time. Fig.5.11b shows
a single diagonal crack close to the bottom of the sample. Similar behaviour with a single
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(a)

(b)

(c)

(d)

Figure 5.10: Results for 8.24% of precipitation obtained with different meshes a) macroscopic
curves; failed elements in b) coarse mesh (800 cells), c) medium mesh (3200 cells), d) fine
mesh (7200 cells)
and well defined diagonal crack is observed within sample 3 (Fig. 5.11d). However, the
direction is reversed, and a few extra nucleation sites started to appear. Fig. 5.11c shows
an unsymmetrical cone failure. For a homogeneous material, cones should be well defined.
However, in the case of heterogeneous cemented media, the intersection of the failure plane
is decided by the grains and bond distribution. In all simulations, several remote failure
locations are visible. Multiple crack nucleation points are formed, but the crack propagated
following the weakest element path.
Fig. 5.12 reveals the behaviour of 10% bio-cemented sand obtained after 15 treatment
cycles. The bio-cemented material becomes stiffer, as expected. The response curves of all
three meshes at macroscopic level matches to a large extent with the experimental result.
Fig. 5.12(b-d) present mesoscale failure patterns. It can be seen from the figures that the
change in cementation percentage resulted in new failure locations and crack formations,
keeping the previous crack formation sites intact. More cracks are generated in Fig. 5.12(b,d)
along the main diagonal failure surface. These cracks propagated parallel to the main failure
plane following the shear concentration zone. An interesting observation can be made from
Fig. 5.12c, as some cracks, bend by almost 90◦. Capturing this phenomenon requires
mathematical tricks and huge computation effort in other computational methods [49][50].
Fig. 5.13a shows the comparison among the experimental and simulated results for
11.7% precipitation. The simulation overpredicts the strength by a small margin. However,
the peak strength is reached at a higher strain. The increase in the bio-cementation increases
the overall stiffness. This leads to the fact that bio-cemented sand becomes more brittle.
Fig. 5.13(b-d) show mesoscale failure behaviour of bio-cemented sand under compression
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(a)

(b)

(c)

(d)

Figure 5.11: Results for 8.24% of precipitation obtained with medium mesh (3200 cells) a)
macroscopic curves; failed elements in b) Mesh1, c) Mesh2, d) Mesh3

(a)

(b)

(c)

(d)

Figure 5.12: Results for 10% of precipitation obtained with medium mesh (3200 cells) a)
macroscopic curves; failed elements in b) Mesh1, c) Mesh2, d) Mesh3

99

Nonlinear Lattice Element Method (N-LEM)

(a)

(b)

(c)

(d)

Figure 5.13: Results for 11.7% of precipitation obtained with medium mesh (3200 cells) a)
macroscopic curves; failed elements in b) Mesh1, c) Mesh2, d) Mesh3
loading. Clear diagonal failure planes are observed in the middle of the specimen from Fig.
5.13b. In comparison to the other cementation percentages with 8.24% (Fig. 5.11b) and 10%
(Fig. 5.12b), cracks start to form at different locations in the sample. The unsymmetrical
cone failure formations are observed in two of the samples (Fig. 5.13(b,c)). The cone failure
pattern starts to dominate as the bond cementation increases. Fig. 5.13(b,c) show the failure
shifting from a single diagonal crack to a cone formation. However, the cracks forming the
cones do not meet at one point, forming two intersection points. The observation confirms
the ability of the model to capture the mesoscale behaviour and the stochastic nature of the
response since each numerical specimen is different due to the random generation of Voronoi
cells, sand grains and bio-cemented voids.
We did not perform numerical simulations of the bio-cemented sands treated with 1 and 5
cycles since the current lattice model provides linear kinematics in lattice elements allowing
for small displacements and small strains of the sand grains. Thus, the granular and dilatant
behaviour of the weakly cemented sands followed by large movements of the sand grains
and clusters cannot be properly captured.

5.4.1

Limitation of the current model

The model described herein, and the bio-cementation has been modelled with connecting
bonds, which captures the dimension and distribution of the experimental observation.
Although, the current model offers a better mechanical model than the previously applied
DEM bond breakage technique which ignored the cementation distribution and size and relies
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on bond removal rather than bond softening [22][23] and the constitutive fitting equations,
[21] the lattice-based model with embedded discontinuity is capable of including these
parameters in 2D. During the experimental testing, the formation of cracks in the specimen
is a surface, and the mechanism and energies associated with it are quite different than line
representation. The current model is unable to model the crack surfaces and shall be extended
in 3D. The crushing of the grains and bio-cementation is not modelled in the current research
and a model incorporating the crushing of sand and calcite will be able to model the uniaxial
and the triaxial behaviour more realistically due to the ability to capture the post-failure
behaviour.

5.5

Conclusions

The behaviour of bonded granular matter subjected to mechanical loading causing failure
is complex and of stochastic nature. The microscopic response of the granular system
dictates the global mechanical response. Lattice element method considering beam element
as connecting cohesive links with an embedded discontinuity is able to model the tensile and
shear failure capturing the complex failure mechanism at a meso-scale granular level. The
following conclusion is drawn from this study.
1) MICP with bacteria Sporosarcina pasteurii is able to cement the fine sand which is
susceptible to liquefaction to attend a maximum compression strength of 2 MPa.
2) The meso-scale study suggests the formation of calcite and aragonite among and on
the surface of the gains. The bio-mineralization contributes to the increase in the cohesion
and friction angle of the granular media.
3) Nonlinear lattice element method with Poisson random generation and embedded
strong discontinuity are able to capture the meso-scale fracture phenomenon in a mesh
independent sense. The macroscopic mechanical behaviour of the bio-cemented sand is
obtained from the mechanisms occurring at lower scales
4) The developed model with parallel processing abilities can be used for engineering
application of bio-cemented granular media for field application.
5) The developed model is applied to study the bio-cementation process. However, it is
general in nature and could be used to model any cemented granular media.
The developed model uses the Timoshenko beams as connections among the grains.
A more sophisticated and advance higher order Refined beam theory with higher order
polynomial approximation with a reduction in the dimensionality and convergent behaviour
will be introduced to reduce the computation time and slender and stumpy member behaviour.
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Chapter 6
Thermo-Mechanical Lattice Element
Method (TM-LEM): Behaviour of the
crustal rocks at high temperature and
pressure
Geologists have a saying - rocks remember.
Neil Armstrong

6.1

Introduction

A rising global population and modernization of nations have generated a demand to explore
the non-conventional energy resources. Energy generation with conventional fossil fuel has
led to an alarming rising level of CO2 , thus causing an anthropogenic climate change scenario.
A well-planned scheme is required to counter the greenhouse effect with the exploration
of sustainable and regenerative energy resources and should be explored and escapade for
energy generation. [1] An alternative for power generation is the deep geothermal energy
system. This system involves the extraction of energy from the earth’s crust. An estimation
suggests that about 98% of the earth’s total volume is above 1000oC, and that of the earth’s
core may exceed 5000oC. [2,3] These geothermal spots become more interesting for energy
generation purpose at hot granitic intrusion body in over 5000m depth. The heat source of
these geothermal fields could reach a maximum of 1000mW m−2 . This heat is transferred
into overlying, porous metamorphic sequences, thus generating superheated steam.
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To explore these high-pressured steam reservoirs, the behaviour of rock under thermomechanical stresses, which affects the acoustic and thermal properties of rock is a prerequisite.
Elastic wave velocities are sensitive to mechanical rock parameters, like pressure and temperature, density, Poisson’s ratio, deformation, Young-, Bulk- and Shear moduli. Therefore,
seismic investigations can be used to successfully evaluate and characterise geothermal
reservoir systems and draw conclusions on their usability. At these high temperatures and
pressure, the seismic wave velocity method provides a window to investigate in-situ physical conditions. [4, 5] The rock samples are collected from Larderello active geothermal
field (southern Tuscany, Italy). An in-situ condition with 100MPa (Sample A) and 150MPa
(Sample B) of hydrostatic pressure and temperature up to 600 °C is generated and simultaneous compression, and shear wave velocity measurements have been performed, along with
three orthogonal directions. Two different samples are investigated here, namely, the rocks
consisting of Quartz-Phyllite and Amphibolite. [6]
Many experimental, theoretical and numerical studies have been conducted to understand
the fundamental behaviour of heterogeneous rocks at high temperature and pressure. [7, 8,
9] Numerical models provide essential insights into the behaviour of cemented particulate
matter such as rocks. [10] For the numerical treatment, most of the continuum methods
such as FEM, BEM and XFEM or particulate methods such as DEM is employed to tackle
the problem. Continuum mechanics-based methods require the knowledge of the location,
orientation and size of the cracks beforehand, which is a rare situation for practical application
in the rock mass. [11] The DEM is the granular representation of the system, but the contact
and failure of the bonds are considered by employing mathematical function which correlates
to no physical meaning or some macroscopic failure models with introduced significant error.
An exact model prediction of the internal structure of rock mass could be found with
experimental microstructure investigation of rocks by X-ray, magnetic resonance imaging
or scanning electron microscopy but are difficult and expensive. Thus obtained images are
superimposed on a mesh to generate particulate assembly. However, a meso-level model with
stochastic distribution technique provides a glimpse into interparticle forces and effective
parameter evolution from microstructure evolution. The technique is effectively applied to
model heat transport inhomogeneous [14] and heterogeneous [15] cemented rocks and loose
granular assembly. [16] In recent studies, the effective use of the lattice element method in
solving mechanical problems are demonstrated with a rigorous mathematical background.
[17, 18] Here, Lattice-based method with simple 1D spring model is used to predict the
evolution of effective parameters such as Poisson’s ratio and shear modulus for rocks under
constrained volumetric deformation conditions subjected to Thermo-Mechanical loads. The
thermo-mechanical solver based on linear elastic fracture mechanics (LEFM) is able to
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solve the complex nucleation, propagation, interaction and branching of cracks in a weak or
strong cemented granular matter in an effective and efficient manner requiring a few physical
parameters, such as, Young’s Modulus, Poisson’s ratio and fracture energy. [19]

6.2

Experimental Setup

Seismic waves are composed of one compressional (P-wave) and two orthogonally perpendicular shear waves (SH and SV waves). Seismic wave velocities in a rock mass is a function of
material properties, mineralogical composition, the volume fraction of constituting minerals
and their spatial arrangement, binding material, density and micro-fissures. [20] The effect
of thermal and mechanical boundary loads are investigated in this study.
The rocks examined in this study are of crustal, metamorphic origin. They are comprised
of mostly oriented, metamorphic minerals that build up the laminated and foliated structure
of the rock. This structural characteristic is a result of the effects of penetrative flow, stress
and strain. These influences can also lead to further structural characteristics inside the rock.
Thus, elastic waves inside the examined reservoir rocks cannot be expected to behave like
waves inside anisotropic media. Instead, the structural characteristics lead to different elastic
wave properties along with the three orthogonal structural directions inside the metamorphic
rocks. However, the texture of a rock can be changed through pressure and temperature.
Rising pressure may lead to the closure of microcracks, reducing of pore space and resulting
in an increase of elastic wave velocities, or to a lesser extent opening of micro cracks and a
lowering of elastic wave velocities [21]
Studies of the effect of pressure and temperature on seismic wave velocities were performed, for example by [21,22]. The study suggests that an increase in P- and S- wave
velocities are directly proportional to the confining pressure. The rate of velocity increase
during loading depends on the type of rock and, strongly, on the propagation direction of
the elastic waves. The increasing velocity at loading is mainly caused by the progressive
closure of delamination boundaries and micro cracks. During unloading, the opening rate of
pores and micro-cracks are lower than the closing rate during loading for a given pressure
due to frictional forces. [6] Thus, unloading elastic wave velocities (V) are slightly higher
than loading V. This effect is called hysteresis.
An increase of temperature up to 600°C generally decreases the wave velocities in
a moderate and linear way because of a decrease of density during heating, as long as
temperature generated cracks are checked by the confining pressure. Thermal cracking
at high temperatures leads to decreasing velocities [21, 24]. Nevertheless, there are some
exceptions. Elastic wave velocities in silicic rocks may also arise during heating. [23] Seismic
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wave transmission trough dry natural rocks are very subtle to the state of micro-fracturing,
which in turns is strongly controlled by pressure and temperature. Thermally-induced micro
fractures will be increasingly suppressed during loading. The increment pressure desirable to
avoid thermal cracking has been assessed to be generally around 1 MPa per degree rise of
temperature. [21]

6.2.1

True triaxial press: Thermo-Mechanical testing device

In Figure 6.1, a schematic 2D drawing and important features of the true triaxial multi anvil
pressure apparatus is depicted. The device allows measurements of seismic wave velocities
(Vp , Vs ) and volume (density) change of rocks at confining pressure, deviatoric stress and
temperature. During the experiments, six pyramidal metal pistons simultaneously press
each surface of the sample cube with 43 mm edge length. The hydrostatic pressure of up
to 600 MPa could be achieved. Piezo-electric ceramic transducers are employed at the end
of the pistons with properly aligned polarizations. The scale travel time and amplitude of
compressional and orthogonally polarized shear waves are measured. One transducer acts
as a transmitter. The opposite transducer is a recorder of the waves. The ultrasonic waves
are transmitted at 1 and 2 MHz, respectively. The pulse transmission technique is the most
common method of ultrasonic wave speed measurement of rocks. A detail description of
the measurement device and the correlations to compute effective parameters from seismic
velocities are given elsewhere for the rock type in this study. [6] The shear modulus and
Poisson’s ratio are computed from the wave velocities with the relationship given below as:
G = ρVs2

(6.1)

" Vp 2
#
1 ( Vs ) − 2
ν=
2 ( Vp )2 − 1
Vs

(6.2)

Where G and ν are the shear modulus and Poisson’s ratio, Vp and Vs are the compression
and shear wave velocity and ρ is the density of the rock sample. In this study, we present
two metamorphic rocks namely, Sample A and Sample B of different mineral composition
collected at a depth of 1485 m and 3290 m, respectively. Seismic method is applied to
estimate the effective mechanical parameters.
Percentage of major constituting minerals in each sample.[8]
Sample
SiO2
Al2 O3
Fe2 O3
FeOtot
MgO
CaO
Sample A
67.00
19.77
4.75
4.64
0.31
0.12
Sample B
51.76
12.76
4.58
11.1
6.68
8.94
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Figure 6.1: True triaxial multi anvil pressure apparatus: Arrangement of P- and S- wave
transducers and schematic drawing of sample, piston and cooling system arrangement.
Sample reference system for seismic wave propagations inside a rock sample along three
orthogonal structural directions (X: lineation; YX-plane: foliation plane) with regard to the
polarization directions of the various shear waves.[6]
Rock samples identifier, type and mineral composition.[8]
Sample
Sample
collection Rock type
Minerals
depth(m)
Sample A
1485.0-1486.0
Quartz- phyllite
Ms, Chl, Qtz, Py, Cc
(+ Chl)
Sample B
3289.6-3296.2
Amphibolite
Hbl, Bt, Qtz, Pl, Ap
Ap: Apatite; Bt: Biotite; Cc: Calcite; Chl: Chlorite; Hbl: Hornblene; Ms: Muscovite;
Px: Pyroxene; Qtz: Quartz

6.3

Thermo-Mechanical Lattice Element Method

In the past few decades, numerical methods have acquired a crucial position in the failure
of materials, especially in buried rocks where direct experiments are often impossible.
However, many numerical methods employ an algorithm on an ad hoc basis and are not
sufficiently accurate in real practical applications. These assumptions also affect the final
outcome, and these deficits are dealt with by many researchers in detail. Therefore, rigorous
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 6.2: Depiction Voronoi tessellations 225 points set in 2D, enclosed in a box with
a) regular and b) random set of points. Random assignment of material properties to the
numerical model c) 2D d) 3D. Crack initiation and propagation for the 2D model shown in
figure e) under hydrostatic compression f) uni-axial direct compression.
testing of the existing method and development of new approaches to deal with crack
initiation and propagation is an open topic to research. Better accuracy at comparable or
even lower computational cost is often required in many numerical implementations for
granular assembly. Here, we present a mesoscale numerical approach to model the crack
initiation and propagation in cemented geomaterials. As given and monitored during the
experimental testing, the model volume/area change at the model boundaries and hence, the
sample volume change because of the thermal influence is restricted in the numerical model.
Where G and ν are the shear modulus and Poisson’s ratio, Vp and Vs are the compression
and shear wave velocity, and ρ is the density of the rock sample. In this study, we present
two metamorphic rocks, namely, Sample A and Sample B of different mineral composition
collected at a depth of 1485 m and 3290 m, respectively. The seismic method is applied to
estimate the effective mechanical parameters.
The nodes are generated in a stochastic manner and the Voronoi tessellation is used
to generate the cells representing the particulate assembly. For the defined nodes set, the
Voronoi tessellation of plane or space in 2D or 3D respectively consists of non-overlapping
regions around each of the nodes such that each region of plane or space contains the area
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or volume closer to it than to any of the other sites. Delaunay triangulation the topological
dual of Voronoi diagram is used to connect the neighbouring nodes. In 2D, the triangulation
for a given set of nuclei or nodes is a triangulation of the plane, where the nuclei are the
vertices of the triangles. Likewise, in 3D, the triangulation is shaped by tetrahedra that are
not permitted to hold any of the nuclei inside their circumspheres. [25] A random distribution
algorithm is used based on the percentage of mineralogical composition, and the Voronoi
cells are assigned with the material properties. These cells are then connected with each
other using Delaunay triangulation, and the complex artificial sample is generated. A 2D and
3D representing are shown in figure 6.2c and 6.2d. The application of thermal or mechanical
stress generated strain energy in the elements connecting the nuclei, and the failure criteria
of the element are set based on linear elastic fracture mechanics. A detail description of the
method is given in our previous study. [19] Here, we extend our previous work to demonstrate
the use of mesoscale models to calculate the effective material parameters such as shear
moduli and Poisson’s ratio.
Failure of the element is defined when the strain energy of the element exceeds that
of the work of fracture, GIC , based on linear elastic fracture mechanics. Also, noteworthy
to mention the work of fracture and fracture toughness is not strongly affected by applied
temperature and pressure in this range. For the two rocks considered here the value of GIC
(critical energy release rate) is considered as 2.1 and 2.4 Jm−2 . [26] Mathematically, the
failure criteria are written as:
1
ke (em + eT )2 = GIC Ae
(6.3)
2
ke is the element stiffness, Ae is the cross sectional area of the element and em and eT are
the mechanical and thermal strains.
A numerical computational code based on the meso-scale in development. The code is
able to generate a large 2D and 3D artificial stochastic model and is able to solve coupled
themo-mechanical fracturing process with specified failure model.
An effective and efficient parallel processor solver is under development to handle tens of
millions of DOFs with graphical processors that can simulate fracture simulation involving
millions of elements within an acceptable time limit. However, here we performed the CPU
parallelization scheme only. All calculations are performed on dell T 3610 workstation.

6.3.1

Mathematical formulation for effective parameter calculations

Let us consider a single lattice element in stretched and non-stretched state as shown in figure
6.4 a. The element length, l0 in Cartesian co-ordinate term can be expressed as:
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1

Figure 6.3: The flowchart of the thermo-mechanical coupling of LEM.

l02 = (∆x0 )2 + (∆y0 )2

(6.4)

Similarly, after application of load the elongated element length, l is given by
l 2 = (∆x)2 + (∆y)2

(6.5)

Expressing change in length in terms of initial position and strain tensor components.
l 2 − l02 = 2σ11 ∆x02 + 4σ12 ∆x0 ∆y0 + 2σ22 ∆y20

(6.6)

Similarly, for triangular element assembly as shown in figure 6.4b the above equation in
matrix form gives:

  

2(∆x12 ) 4(∆x1 ∆y1 ) 2(∆y21 ) σ11
∆l 2 − l12

  

2(∆x22 ) 4(∆x2 ∆y2 ) 2(∆y22 ) σ12  = ∆l 2 − l22 
2(∆x32 ) 4(∆x3 ∆y3 ) 2(∆y23 ) σ22
∆l 2 − l32

(6.7)

Solving for the extension tensor [σ ] and calculating the principal component σ1 and σ2
from equation 6.7 . Also, the principal elongation ratios γ1 and γ2 are related to σ1 and σ2 as:
γ1 =

p

(2σ1 + 1)

and

γ2

p
(2σ2 + 1)

(6.8)
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Based on equation (5), two correlation expressions could be stabilised for extension and
pure shearing of the network model. [27]
These"two parameters
are,α = γ1 γ2 − 1 which expresses the fractional area expansion
!#
and β =

6.3.2

γ12 +γ22
2γ1 γ2 −1

represents the pure shear fraction.

Strain Energy Density

The strain energy density of the network is calculated in terms of lattice length Li , area (a)
and force (F) on each node as:
ξ=

1
Fi ∆Li
2a ∑
i

(6.9)

∆Li is the change in the lattice length due to mechanical and thermal extension.


Fi Li
∆Li =
+ α∆Ti
(6.10)
Ea
E is the young’s modulus and α is the linear thermal expansion of the element, δ Ti is
the nodal temperature change. The modified Cauchy stress tensor τ1 τ2 consider the thermal
effect is given by equation (6.11) and (6.12) as
  
γ12 − γ22
∂ξ
τ1 =
+
2γ1 γ2
∂β α,T
β ,T
 
 2
  
γ2 − γ12
∂ξ
∂ξ
τ2 =
+
∂α β ,T
2γ1 γ2
∂β α,T


6.3.3

∂ξ
∂α





(6.11)

(6.12)

Shear Modulus

The average shear modulus G of the lattice network is the change of strain energy w.r.t.
deformation parameter β , the shear modulus considering the thermo mechanical effect is,
 
∂ξ
G=
(6.13)
∂β α,T

6.3.4

Surface expansion modulus

The surface expansion modulus K is given in terms of strain energy as:
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(a)

(b)

Figure 6.4: a) A single lattice element undergoing deformation. b) The triangular arrangement
of Delaunay triangulation deforming and developing strain.

K=

6.3.5

∂2 ξ
∂α 2

!
(6.14)
β ,T

Poisson’s ratio

The Poisson’s ratio of the lattice network is related to the shear modulus and the area
expansion modulus as follows:
υ=

6.4

K −G
K +G

(6.15)

Results and Discussion

The rock sample under pressure and temperature develops cracks due to differential thermal
expansion of the constituting minerals, delamination of the layers, and failure of material at
the local level. This behaviour is modelled with the developed code. The development of
these cracks is shown in the figure (6.8 and 6.9) with and without thermal effect. Two sets of
simulations are performed, as explained below.
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(a)

(b)

Figure 6.5: Variation of shear moduli of two rock samples at 20oC with change in applied
hydro-static pressure up to 101 MPa. The local elemental failure is consider and the thermal
stain is not considered for the failure.
It is found that the consideration of thermo-mechanical effect produces a realistic failure
pattern is observed in rocks and cemented granular solids. [9] These effects are cumbersome
to observe with 3D tomography and are very computationally costly. The developed numerical model is able to model these effects with ease and gives in-depth physical behaviour
of these materials. The method could be easily extended to a class of brittle and quasi
material. As shown in figure 6.5 (a and b) the shear moduli for both of the rocks increase
with the confining pressure. This observation is noteworthy as the sample starts to develop
micro-cracks at the load application boundary, but intergranular voids are constricted, and the
contact among the grains are enforced with the applied pressure. Also, the small delamination
boundaries are strengthened due to this applied excessive load.
The effect of elevated temperature is shown in figure 6.6 and 6.7 for the computation of
shear modulus and Poisson’s ratio. As shown in figure 6.9, the effect of thermos mechanical
loading the cracks generated at the surface starts to move deep into the sample, thus softening
the material. The branching and propagation of the cracks are resulting from the physical
laws defined at the mesoscale.
The issues associated with a mesoscale model such as the number of seed node and
network dependency has been surfaced here. The problem has been circumnavigated by
applying a mesh dependency test and equivalent statistical topology. With the application
of hydrostatic pressure, a network of micro-cracks is formed (see figure 6.2 e and f), thus
reducing the amount of strain energy stored in the network. The computed value of shear
modulus for both rocks do not vary significantly with the number of lattice elements after
reaching a threshold. The formation of cracks reduce the number of elements and thus
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(a)

(b)

Figure 6.6: Variation of shear moduli of two rock samples with applied confining pressure of
101 MPa and applied temperature change from 20oC to 600oC. Coupled Thermo-Mechanical
Solver is considered as explained in the section above.

(a)

(b)

Figure 6.7: Variation of Poisson’s ratio of two rock samples with a confining pressure of 150
MPa and applied temperature change from 20oC to 600oC.
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Figure 6.8: Development of micro cracks in the sample with increasing temperature and
pressure. The Thermo-Mechanical Coupling effect is not considered here.

Figure 6.9: Development of micro cracks in the sample with increasing temperature and
pressure. The Thermo-Mechanical Coupling effect is considered here.
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increasing the shear modulus. This result is visible in both of the samples with a variation of
temperature. (Figure 6.5) However, for sample A, an arching is observed beyond 500oC. This
phenomenon is evident due to structural rearrangement in constituting quartz mineral. The
alpha-beta transition zone restructures the constituting mineral arrangement; thus, a reduction
in shear modulus is observed in the transition temperature. The present lattice model is
unable to consider mineralogical changes occurring at high temperature and pressure.
The lattice model indicates a decrease in Poisson’s ratio value with the increase of
temperature. This observation is correlated with the increasing value of area shear modulus
and area expansion values with temperature rise. Formation of a fracture network reduces
the magnitude of expansion and the shear strength value. However, the experimental results
suggest a different pattern at a lower temperature. For sample A, the experimental results
agree up to the mineralogical transition zone. Sample B behaves in a chaotic fashion due to
the availability of foliation and anisotropy of the sample.

6.5

Conclusions

Two rock samples recovered from about 1500 and 3000m depth are subjected to high temp &
pressure, and the indirect wave velocity method is applied to study the changes in the physical
properties of the rocks. The experimental results suggest that oriented micro defects largely
influence elastic wave velocities, thus the shear moduli. At higher pressure, the closure of
these defects due to excess pressure or structural rearrangement of constituting minerals
due to progressive heating eliminates their influence. The intrinsic elastic wave velocities
and anisotropy are mainly controlled by mineral composition, mineral orientations and their
elastic properties. The intrinsic velocities increase slightly with increasing confining pressure.
The data show that the seismic wave measurement subjected to pressure and temperatures
variation is an effective approach for geothermal reservoir characterization.
Lattice-based mesoscale model is capable of modelling crack initiation and propagation
based on energy approach as used in linear elastic fracture mechanics. The computation
demonstrates the implementation of a coupled thermo-mechanical model for rocks subjected
to high temperature and pressure. The method is capable of capturing the mesoscale behaviour
and effective parameter evolution.
A 3D beam element will be included to model the mixed-mode failure; a simple discretization of material behaviour under mixed-mode mechanical loading is explained by [28].
A mineralogical transition will be incorporated in future for the lattice method simulation
of rock at high temperature and pressure. The present code will be extended to model
large scale problem with the advances in graphical computation, and mesoscale modelling
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has great potential for practical applications in geothermal energy generation by realistic
simulation with input from the large database from in situ elastic wave measurements such
as microseismic monitoring.
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Models and Their Peculiarities,Arch Computat Methods Eng, . doi.org/10.1007/s11831-0179210-y
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Chapter 7
Thermo-Hydro-Mechanical Lattice
Element method (THM-LEM): A
numerical study
The science of today is the technology of tomorrow.
Edward Teller

7.1

Introduction

A number of subsurface engineering applications encounter the coupled thermo-hydromechanical (THM) processes with the multiphase flow in the pores. A few situations to
mention are the nuclear waste disposal in geological media, deep underground injection of
carbon dioxideCO2 , shallow and deep geothermal systems, gas storage systems and recovery
from deep oil and gas reservoirs.
For the shallow subsurface application, the hydro-mechanical(HM) interactions control
the geomechanical behaviour of the porous media. The numerical method of choice for the
HM coupled process are (1) finite element method (FEM) for both flow and geomechanics
simulation within one code (2) coupling of two individual FEM models and (3) coupling of a
reservoir model based on the finite volume method (FVM) with a commercial geomechanics
code through a user interface and grid mapping. The methods provide an accurate solution
as long as the assumption of homogeneous continuum holds, and the constituting granular
assembly remains in the elastic regime. However, as the energy dissipation mechanisms
such as plasticity and surface separations (micro-fissures) are activated, the localised subcontinuum behaviour starts to govern the inelastic and failure behaviour.
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Geomaterials are complex composites, cemented or loose and are of multiple length
scales. The largest length-scale with observable heterogeneity is traditionally called the
mesoscale. Meso-structure of these materials contain voids, grains, binders, and interfaces
between them. In the past few decades, a number of mesoscale models considering both
mesostructure and local failure mechanisms have been proposed and developed to understand
and quantify their effects on the longer-scale response of cemented geomaterial and concrete.
With respect to the mesostructure representation of these materials, the two main approaches are the image-based modelling and stochastic modelling. Although the mesostructure obtained from images, e.g. using computed tomography, is closest to nature, it is
presently very expensive and time-consuming to generate sufficient scanned images from samples to make meaningful statistical analyses [1][2][3], especially for three-dimensional (3D)
problems. For parameterisation modelling, both direct[4][5][6] and indirect approaches[7][8][9][10]
have been widely used to characterise heterogeneous materials. An advantage of the direct
approach is that it allows for varying independent key mesostructure parameters, such as
volume fractions, shape, size and spatial distribution of pores/voids and aggregates. Because
of this feature, the stochastic approach, with Poisson Random Lattice(PRL) approach, is
particularly suitable for statistical analysis of damage and failure of cemented granular matter
performed in this study.
For mesostructure models of cemented geomaterials, identification and generation of
unit cell geometry is a vital step, since both shape and size of aggregates have significant
influences on stress distribution, crack initiation and damage accumulation up to macroscopic
failure within cemented geomaterials [11]. Regarding two-dimensional cases, particles with
regular shapes such as circle, ellipse and polygon are generally used.[12] Beddow and Meloy
(1980) proposed a morphological law to acquire rounded aggregates. Angular aggregates
were generated respectively as polygons with prescribed elongation ratios[13] and convex
polygons using Voronoi tessellation method[14]. More recently,[15] Wang et al. (2015b)
developed a “generate-and-place” procedure to simulate circular, elliptical and polygonal
aggregates for mesoscale modelling of fracture and damage of cemented geomaterials in 2D.
Regarding three-dimensional cases, aggregates are usually assumed to be spherical for
simplicity, as presented in[16] Bazant et al. (1990),[17] Man and Van Mier (2008) and
[18]Wriggers and Moftah (2006). In recent years, considerable attention has been paid to
generate various aggregate shapes, e.g., ellipsoidal aggregates using functions with varying
parameters[19][20], and polyhedral aggregates by random packing systems[21] and Voronoi
tessellation methods[22][23]. It is worth noting that most of the existing mesostructure
models of cemented geomaterials only consider random aggregates[24][25] but neglect voids.
However, X-ray computed tomography (XCT) images of cemented geomaterials[26][27][28]
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clearly show that voids exist in cemented geomaterials at mesoscale. It is therefore imperative
to develop a procedure for automatic generation of morphological details of materials with
both randomly distributed aggregates and voids of different shapes.
With respect to the numerical models for local material failure (new surface generation,
micro-cracking), a number of models have been used to study damage and failure of cemented
geomaterials. The dominant approach at present employs continuum finite element modelling
of the constituents with allowance for failure via cohesive interfaces between the continuum
solid elements[29][30]. The key element is the behaviour of the cohesive interfaces, based
on cohesive zone model developed by [31][32][33] Barenblatt, 1959, Barenblatt, 1962) and
Dugdale (1960) and later extended by [34] Hillerborg et al. (1976). For cohesive zone
model, the cohesive interface elements (CIEs) are pre-inserted or dynamically inserted into
the initial finite element mesh so that realistic crack patterns can be simulated [35](Espinosa
and Zavattieri, 2003). Because of its simple formation, easy implementation in the form of
CIEs, cohesive zone model becomes more and more popular in modelling crack propagation
in cemented geomaterials and other quasi-brittle materials. It should be noted that other
numerical methods, such as continuum strong discontinuity approach (CSDA)[36][37],
extended finite element method (XFEM)[38], embedded finite element method (EFEM)[39],
etc. have been used for modelling concrete structures and show growing popularity in dealing
with strong discontinuities. Other alternative approaches, such as discrete element models
[40] and lattice models [41][42], have also been developed. A key issue associated with the
class of discrete models is the difficulty in determining the model parameters which provide
observed macroscopic behaviour, particularly for non-regular arrangements[43]. This is
avoided in the continuum-based modelling on the expense of the need to calibrate cohesive
laws.
The aim of this work is to develop a Thermo-Hydro-Mechanical-Damage (THMD)
model for the analysis of mesostructure with crack formation and local properties effects on
the macroscopic behaviour of cemented geomaterials. The procedure contains three parts:
generation of realistic mesostructures, as explained in chapter 2; application of the damage
and thermo-mechanical coupling discussed in chapter 5 and 6; Coupling of the pore lattice
model to study the flow behaviour with spatially randomised mesostructures and effective
parameter evolution and behavioural changes in the cemented geomaterials.

7.2

Model Construction

The thermo-mechanical (TM) coupling is performed, as explained in chapter 6. The linear
thermal strain in the elements are computed for each step, and the corresponding strain is
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Figure 7.1: Depiction of a Thermo-Hydro-Mechanical-Damage (THMD) lattice scheme for
the computation of effective thermal and hydraulic parameter during the evolution of fracture
process. The physical processes are sequentially coupled.
upgraded. The elements reaching the failure threshold are removed from the computation
step. To reduce the stumpy beam, the criteria of (w/l) >1, i.e. the ratio of the width of the
beam to its length is kept more than unity. The flow model is coupled in the TM model via
the generated pore network, as shown in Fig 7.2. The SEM picture of a granular assembly is
shown in Fig 7.2. It is clearly shown that the assumption of uniform pores and throat sizes
are not valid for an even fairly uniform grain size distribution. The Thermo-Mechanical
modelling is performed with the lattice shown with the red elements and the flow with the
pore blue network. One the failure is reached in the element, and the cohesive link is broken,
two new pores are generated at the nodal site connecting the cohesive link. However, the
cohesive links to the failed neighbouring connections are preserved. This assumption allows
for the generation of new pore spaces and throats and preserving the mechanical integrity
of the system. The flow in the medium is affected by the change in the viscosity of the
liquid and thus is also included in the computation using temperature depended on viscosity
formulation. However, for this simulation, the parameter is assumed to be constant as the
temperature change is not significant. Fig. 7.1 shows the coupling of followed for this work
schematically.
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Figure 7.2: Scanning Electron Microscopy image of a granular media showing the grains
and the pore space. The cohesive links generated for the Thermo-Mechanical(TM) loads
are shown with the red lines and are connecting the nodes of the grains. The flow network
is depicted with blue circles as the pores and throat as varying line thickness. The coupled
network is shown by a superimposed red cohesive link and blue pore lattice network.

7.3

Results & Discussion

The developed method is applied to study the behaviour of artificial cemented granular media
subjected to THM loads. An artificial granular composite consisting of two phases with a
porosity of 35% is generated. The Poisson random lattice (PRL) with a random distribution
of component phase is used to produce the media. The Fig 7.3 (a) shows the grains with red
and pores with blue colour. A total of 64000 node points are used for the assembly generation.
A temperature gradient of 1 oC is applied between the top and the bottom of the granular
assembly. Similarly, a pressure gradient is applied to the pore network of unit difference
between the inflow (top) and the outflow (bottom). It is important to note that the flow is
allowed to happen in the pore lattice elements only. The mechanical load is applied at the
top in the form of compression loading, and the bottom is held fixed. The load is increased
in a stepwise fashion. In each step, the computation, all the parameters such as the nodal
temperature and strain associate with the element, the mechanical strain and the check for
the failure criteria and the pressure at each pore node is computed.
The changes in effective parameters, such as the effective thermal conductivity, the
macroscopic permeability and the mechanical response of the system are computed. The
failed system at the end of the system is plotted in fig 7.3 b. Only the middle plane failure
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cracks are plotted for the brevity of explanation. The diagonal cracks which are seldom for
the quasi-brittle and brittle material during compression loading are captured with relative
ease. Fig 7.3 c shows the heat transfer in the system after the formation of the cracks in the
system. The heat conduction path is altered to a large extent, but the system is still capable of
transporting heat as no separation of the constituting granular media has occurred. A similar
observation is visible for the flow through porous damaged media. The formation of crack
surfaces allowed the ease of flow of fluid by allowing the formation of new pores and throats
and thus an enhancement in the effective macroscopic permeability.
The fig 7.4 shows the change in the stress-strain response of the system at each computation step and is depicted with black lines. The dots are the actual computation values. As
visible, the system shows a nonlinear behaviour as the cracks allow local deformation. The
drop in the load-carrying capacity occurs as the main failure plain starts to appear.
For the effective thermal conductivity, the value increase as the system is loaded with
the applied external force. The increase causes the change in the effective contact area;
thus, more heat is allowed to flow in the system. This increase becomes more gentle as in
microcrack formation hinders the flow of heat. As the main crack plain starts to take shape
the heat transfer by means of conduction is heavily affected. The thermal conductivity is
reduced by a factor of 3.
The permeability is not severely affected at the beginning of the computation as the crack
density and formation of new pore and throats are marginal. Bust as soon as the main failure
plain takes shape the flowability of the computing system is severely improved. At the end
of the simulation, the macroscopic permeability is improved by five folds.
The results presented here are suggesting the ability of the lattice element method for
the computation of change and evolution of the effective parameters with local failure at the
mesoscale. The method offers a powerful and computationally effective way to characterise
the behaviour of cemented granular matter in a straight forward way.

7.4

Conclusion

The objective of this chapter was to propose a new lattice-based approached to study the
Thermo-Hydro-Mechanical-Damage response of a cemented granular matter. A sequentially,
coupled model is presented for this purpose. The mechanical and thermal loads are transferred
through the cohesive links and the pore network facilities the flow in the granular media.
The local transport equations are solved at the mesoscale, and the effective thermal and
hydraulic parameters are computed during the evolution of the fracturing process. The novel
coupled model can be useful for petroleum engineering, underground disposal of nuclear
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(a)

(b)

(c)

(d)

Figure 7.3: a) A 3D granular assembly with two components shown with grains(red) and
voids (blue) b) The formation of cracks at the middle vertical plane where the cohesive links
are failed marked as red. c) Heat transfer in the system after the formation of the cracks
and thus causing alteration to the heat path d) distribution of pressure after the crack surface
formation and change in the pressure field in the granular system.
4,5

3
Mechanical

Thermal

Hydraulic

4
2,5

Stress (MPa)

3

2

2,5
1,5
2
1,5

1

Effective Conductivities

3,5

1
0,5
0,5

0

0
0

0,0025

0,005
Strain

0,0075

0,01

Figure 7.4: Changes in the Thermo-Hydro-Mechanical behaviour of a two-component
cemented granular matter modelled with lattice element method. The black line shows the
stress-strain response of the system with local crack formation. The red and the blue lines
mark the change in the effective thermal and hydraulic conductivity with the evolution of
fractures.
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waste, geothermal energy development, construction in cold regions and numerous other
applications. The formulation, however, does not consider the effect of pore pressure and
gas phases. Thus, a lattice coupled model that incorporates gaseous flow would be a suitable
subject for future research.
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Appendix A
Dynamic Lattice Element Method
(D-LEM)
The scientists of today think deeply instead of clearly. One must be sane to think
clearly, but one can think deeply and be quite insane.
Nikola Tesla

Abstract
Cemented geomaterial due to inherent porosity and composition difference has many stress
localisation spots. These spots when they exceed the material limit locally, form centres
for crack nucleation and propagation. A vast pool of numerical and analytical methods are
available, but these methods fail to solve the problem of wave motion at the granular level.
The problem offers a daunting task in static or pseudo-dynamic loading but becomes highly
challenging in a dynamic loading scenario. Here, in this paper, we present the lattice element
method from the family of discrete element method to solve the problem of mechanical waves
in rock mass or cemented granular material under dynamic excitation. The method offers
a robust solution to the problem of crack initiation and propagation in a dynamic loading
scenario. The lattice element method is capable of handling the nucleation, propagation,
coalescence and branching of the cracks with relative ease. The method could be extended to
impact loading and Multiphysics scenarios in a straight forward manner.
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Introduction

The dynamic characteristics of geologically-derived granular materials such as rock, soil,
and concrete can be strongly affected by the properties and position of intergranular bond
material. Microstructural contact laws of grain-to-grain interaction provide an indispensable
basis to theoretical, as well as to numerical models of deformation of granular media. In
spite of significant progress achieved in modelling macroscopic deformation of granular
media [1, 2], the models of microscopic intergranular interaction require further development.
The primary challenge is in predicting contact stiffness and strength from the geometry of
a contact region and the mechanical properties of grains and intergranular cement. The
dynamic problem of cemented granular media becomes more complex if the system develops
cracks due to loading. The definition of dynamic crack propagation remains a daunting task
due to the random localisation, transmission and evolution, splitting, interaction, coalescence
and merging. The extended finite element method (XFEM) that allow for arbitrary cohesive
crack propagation and the embedded strong discontinuity finite element method (ED-FEM)
both treat with the cracks in a mesh independent approach due to their enrichment., The
computationally costly tracking algorithms are often used with these methods, particularly to
solve the difficult crack phenomena in dynamics, such as bifurcating. [3] The Lattice element
method was first introduced by Hrennikoff [4], and the paper of and later by Kawai [5], in
which they developed the truss framework is used to discretise the elastic continua. The
lattice model is defined as an assembly of discrete cohesive link elements for representation
of a structural solid. This simplification of continua is not a rudimentary assumption for
modelling of complex solids or structures with this approach at a lighter computational
cost. Moreover, efficient representation of some aspects, which are not easily tackled with
simplicity and successful description of localised failure and cracking mechanisms are the
essential features that led to the rapid development of lattice models. [6] Failure and cracking
mechanisms can be simulated straightforwardly usually by detecting if any lattice element,
which represents the cohesive force between the particles, has reached a specific failure
criterion. These failure criteria could be based on Linear Elastic Fracture Mechanics (LEFM)
[7, 8, 9, 10] or the classical failure models. Once the limiting value is reached, a cohesive
fracture is initiated leading to gradual separation of the crack surfaces across the cohesive
zone. This simple assumption helps in bypassing the issue of the singularity of the stress
at the crack tip which is present in linear elastic fracture mechanics. Additionally, with
lattice models, it is possible to simulate multiple cracks without worrying about multiple
crack interactions. Despite being applied mostly to quasi-static loading conditions, the
lattice elements can also be used for simulation of impact problems as well.[3] The broad
applicability of this model is ranging from the quasi-static uniaxial loading and shearing
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of geomaterials to the dynamic fragmentation due to explosion, impact and collision of
solids. The model is suitable for impact simulations in which cracks occur as a result of
large movements of the rigid Voronoi particles. However, the applicability of these models
is limited to a very regular type of grain size. Here we present a lattice element model for
a broad grain size range capable of capturing wave motion and crack development in the
cemented granular matter at a meager computational cost.

A.2

Mesh Generation and Mathematical Formulation

To generate the granular assembly, a random set of points are generated in a Euclidean plane
and the nearest neighbour points are computed using the Voronoi tessellation algorithm. For
a set of random points P = {p1 , · · · , pn } ⊂ R2 where 2 < n < ∞ and xi ̸= x j for i ̸= j, i, j ∈ In .
The region by the equation (A.1) is the Voronoi polygon for the node pi .
V (pi ) = {x| || x − xi || ≤ || x − x j || f or j ̸= i, j ∈ In }

(A.1)

The set of all the polygons thus generated for the nodes pi are the Poission Voronoi
diagram. The dual tessellation of the Voronoi diagram is generated to form the connections
among the neighboring Voronoi cells. This triangulation scheme is called the Delaunay
triangulation. Mathematically, V (P) be the Voronoi diagram generated by a set of n distinct
points P = {p1 , · · · , pn } ⊂ R2 where 3 ≤ n < ∞ that satisfies the non-collinearity assumption
(D1 ); Q = {q1 , · · · , qnv } be the set of Voronoi vertices in V; and {xi1 , · · · , xik1 } be the location
vectors of the generator points whose Voronoi polygons share a vertex qi .
(
Ti =

x|x =

ki

ki

∑ λ j xi j , where ∑ λ j = 1, λ j ≥ 0, j ∈ Iki

j=1

)
(A.2)

j=1

D = {T1 , · · · , Tnv }

(A.3)

Equation (A.3) represents the Delaunay triangulation of the represented points.
The material properties are assigned to the Voronoi cells and thentransferred to the elements
thus generated by the Delaunay triangulation scheme.[11]Material damping is not considered
here. For dynamic simulation the equation of motion for each element is solved with
Newmark beta method. For a forced undamped system, the equation of motion is given as
Mü + Ku = F(t)

(A.4)
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Figure A.1: Cell nodes, Voronoi cells and Lattice elements. Voronoi Algorithm is used to
find the nearest neighbours and Delaunay triangulation to connect the neighbouring nodes to
form the lattice elements.
Where M and K are the mass and the stiffness matrices terms and F(t) is the applied time
dependent force.

A.2.1

Mass Matrix generation

The mass matrix or the consistent mass matrix (CMM) is generated either by lumping the
mass at the nodes or by following the variation mass lumping (VMM) scheme. The VMM
scheme is also implemented in the finite element method for dynamic simulations. The
element mass M e is computed using the following equation
Z

Me =

ρ ⌊Nve ⌋T Nv dΩ

(A.5)

If the shape function are identical, that is, Nve = N e , the mass matrix is called the consistent
mass matrix (CMM) or Mce .
Mce =

Z l
0

1
ρA [N e ]T N e dx = ρlA
4

"
#
i
1−ε h
1 − ε 1 + ε dε
−1 1 + ε

Z 1

(A.6)

Where, ρ is the density assigned to the Voronoi cells and A and l are the area and the length
of the lattice elements
The elemental mass matrix is symmetric, physical symmetric, and complies with the condition
of conservation and positivity. To obtain the global mass matrix a congruent transformation
is applied. In contrast to the stiffness matrix, translational masses never vanish. All the
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(a)

(b)

Figure A.2: (a)Bar element with diagonally lumped mass moving in 2D. (b) The transformation of node displacement and force components from the local system ux , uy the global
system ux , uy .
translational masses are retained in the local mass matrix. The global transform is achieved
through the following equation.
M̄ce = [T e ]T [Mce ] [T e ]

2

1 1
Mce = me 
6 0
0

A.2.2

1
2
0
0

0
0
2
1


0
0


1

(A.7)

(A.8)

2

Element Stiffness Matrix

The force displacement component of a truss element is given by the spring relation
{F} = [K] {U}

(A.9)

The vectors {F} and {U} are the member joint force and member joint displacement,
respectively shown in figure 2. The member stiffness matrix or the local stiffness matrix is
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[K]. For a truss element it is given by


1

EA  0
[K] =

L −1
0


0 −1 0
0 0 0


0 1 0
0 0 0

(A.10)

After applying the congruent transformation, the member stiffness matrix in global coordinates are given as
[K e ] = [T e ]T [K] [T e ]
(A.11)
 e

l
lm −l 2 −lm

E e Ae 
 lm −m2 −lm −m2 
(A.12)
Ke = e  2

L  −l −lm l 2
lm 
−lm −m2

lm

m2

Where l = cosφ e , m = sinφ e and φ e is the orientation angle as shown in Figure 2.
The equation of motion for the linear system of equations is solved with the Newmark beta
method due to its unconditional stability. The displacement and the velocity terms for the
next time are calculated as follows.


1
ut = ut−∆t + ∆t u̇t−∆t +
− β ∆t 2 üt
(A.13)
2
u̇t = u̇t−∆t + (1 − γ)∆t u̇t−∆t + γ∆t üt

(A.14)

We follow the average acceleration approach with β = 41 and γ = 21
The Newmark beta method solves the algebraic form of the equation of motion (EOM) of
undamped forced vibration at the end time interval t + ∆t
Ft+∆t = Müt+∆t + Kut+∆t

(A.15)

The stiffness and the mass matrices are computed in the following fashion to reduce in the
form of equation (9)
K̂ = K + a0 M
(A.16)
Where K̂ is the effective stiffness matrix and a0 = γ ∆6 t 2
Similarly, the effective load vector at time t + ∆t is calculated as in (17).
F̂t+∆t = Ft+∆t + M(a0 ut + a2 u̇t + a3 üt )

(A.17)

Dynamic Lattice Element Method (D-LEM)

143

1
Here, a2 = γ ∆
and a3 = 2γ1 .
t
The above simplification leads to the algebraic form.


 
F̂t+∆t = K̂ Ut+∆t

(A.18)

From the above equation, displacement of each node is calculated for every time step.
The natural frequency of the system is calculated as given below.

A.3

ω 2 [M]Φ = [K]Φ

(A.19)

ω 2 = eig([M]−1 [K])

(A.20)

Results and Discussion

Three different systems are generated with the defined boundary conditions as shown in
figure 3(a-c). A granular assembly is generated with the Voronoi tessellation and Delaunay
triangulation as explained in section 2. For the first scenario (Fig 3a) 550 cell points have
been used. The other two simulations are performed with 6400 points. MATLAB programing
environment is used for computation. As reported earlier in literature, [3,6,10] the mesh
dependence response of the method is not significant and will be dealt in detail in future
works.
The above generated system is subjected to a time harmonic excitation as shown in the
figure below. The response of the system is measured at the top. The bottom nodes are fixed
and the excitation is applied on the top nodes.
The natural frequency of the system is calculated from equation (20). The system is
excited to frequency far from the resonant frequency. Figure 4b shows the response of the
system. The excitation force is shown with a blue line and the computed response at top is
plotted in red. As the excitation frequency is brought closer to the natural frequency of the
system, beats are observed (figure 3b). This confirms the validity of the method.
The figure 5 shows the movement of mechanical waves in a cemented granular system. A
time depended force as shown in figure 3 is applied at the top surface and the displacement of
the nodes are plotted. This clearly shows the formation of high and low displacement zones.
The phenomenon of wave movement is puffed rice grains has been investigated and the
formation of a band has been reported.[12] A similar pattern is observed here too.(figure4)
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Figure A.3: The schematic diagrams of the boundary conditions for the simulations. a) A
cemented square plate with side a=1cm. b) A square cemented granular plate with a single
crack of 0.4a length. c) Two granular systems connected with two bridges of 0.1 a length. A
harmonic force is applied at the top and the bottom is held fixed.
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(a)

(b)

Figure A.4: a) Assembly of the granular system and the applied loading with the boundary
condition. b) response of system at excitation frequency away from the resonance frequency
(top) and (bottom) near to the resonance frequency ωn . Beat formation is recognizable at
frequencies close to the excitation frequency.

Figure A.5: Propagation of waves in the cemented granular media. The figure shows the
response of a cosine excited wave of the system. The red colour shows the maximum
amplitude and the blue the minimum.
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Figure A.6: Propagation of waves in the cemented granular media. The figure shows the
response of a cosine excited wave of the system. The excitation is applied at top and bottom
is held fixed. The red colour shows the maximum amplitude and the blue the minimum.

Figure A.7: Mechanical wave propagation in two granular cemented blocks with two contact
points. The excitation is applied at top of the top block and bottom is held fixed. The dynamic
lattice element method is capable of capturing this complex response with ease.
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After the first cycle at time t=25, the system doesn’t return to its original position. A residual
negative strain in the system remains. A further investigation with voids and different density
particles will be reported elsewhere.
Figure A.6 shows two cemented granular blocks connected with two granular pillars.
The top surface of the top block is excited with the harmonic force as explained in figure
A.3. The bottom surface of the bottom block is held fixed. The waves started at the top block
travels through the granular pillars to the lower block. The movement of mechanical waves
in such a non-trivial system is captured with relative ease.
Figure A.7 shows two cemented granular blocks connected with two granular pillars. The
top surface of the top block is excited with the harmonic force as explained in figure 3c. The
bottom surface of the bottom block is held fixed. The waves started at the top block travels
through the granular pillars to the lower block. The movement of mechanical waves in such
a non-trivial system is captured with relative ease.

A.4

Conclusion

1. The dynamic lattice element method is reported here for cemented granular medium and
the following conclusions are drawn from this study.
2. Lattice element method coupled with average acceleration Newmark beta method is capable of solving the mechanical wave movement with relative ease and at low computational
cost.
3. The pre-existing cracks modify the near and far field displacement and acts as stress
concentrators and distributors.
4. Wave motion in cemented granular media with existing cracks are modelled easily which
offers computational and mathematical challenges in other numerical and analytical methods.
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Appendix B
Poisson & Vectorizable Random Lattices
Divide and rule, the politician cries;
Unite and lead, is watchword of the wise.
Johann Wolfgang von Goethe

B.1

Introduction

Initially, the following problems seem vaguely correlated. Such as the structure of Universe,
identification of a region under the influence of different neolithic clans, estimation of
precipitation at of a storm gauge, urban planning related to the location of schools in a city,
the behaviour of liquid Argon gas, the capillary supply of blood to muscle tissue. However,
all these problems arise from a fundamental mathematical concept, and the two domination
techniques used in natural sciences are explained in brief here.
The concept is a simple but intuitively appealing one. Given a finite set of distinct,
isolated points in a continuous space, we associate all locations in that space with the closest
member of the point set. The result is a partitioning of the area into a set of regions.

B.2

Random Lattice

The discretisation of physical continua with spatiotemporal lattice is widely used in physical
and natural systems, and a means to regularise field theories. A random lattice is defined
as one for which the sites are a set of randomly chosen points with uniform distribution.
The fundamental assumption is that a well-defined continuum limit may be divided by the
symmetry of the lattice, which decreases the regularity of lattice of the physical system to a
discrete set of transformations.
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B.2.1
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Poission Random Lattice

For a given a set of randomly distributed points in d-dimensional space, a natural process of
interconnecting these points are following the Voronoi cells associated to these sites, that is,
the open subsets of space points that are nearer to a given site than to any other. Neighbouring
cells will then share a face. Each pair of sites whose cells share a face are defined to be
connected by a link. This link is perpendicular to this face but does not always intersect it.
In a more mathematical sense, the above statement is given as any set of d + 1 such points
is said to form a d-simplex if the d-dimensional hypersphere in which they are inscribed
contains no other point inside. Any two points of a d-simplex will be connected by a link. The
direct lattice and the Voronoi lattice are dual to each other. The Voronoi cells are delimited
by (d − 1)-dimensional hyperplanes (faces) which are shared by two neighbouring cells.
These hyperplanes are delimited by (d − 2)-dimensional hyperplanes and so on. The sites of
the Voronoi lattice are the zero-dimensional intersections of d + 1 cells. There is a one to
one correspondence between sites of the direct lattice and Voronoi cells, in the same way as
between sites of the Voronoi lattice and d-simplices. In general, there is a mapping between
(d − d∗)-dimensional objects in the direct lattice and d∗-dimensional objects in the dual
lattice.
In this way, the spatiotemporal symmetries of the continuum system are recovered after
averaging over lattice realisations. The number of lattice points on a given volume of V is
then a random variable with Poisson distribution. We can then call these lattices Poisson
random lattices (PRL).
The Poisson Voronoi diagram (PVD) refers to the situation in which points are located
in space ‘at random’ according to the homogeneous Poisson point process. This diagram
has been used extensively both as a descriptive and a normative model in the investigation
of a wide range of empirical situations in both the natural and social sciences as diverse as
galaxies, nesting territories of Royal Terns and mouth breeder fish, and carbon particles in
steels.
Figure B(1-3) show a set of 225 points used to produce a Poisson Voronoi Diagram(Grey
cells) and the corresponding Poisson Random lattice (PRL). Three different meshes are
obtained and suggest the possibility of generating an artificial granular media with a wide
range of particles. A detail description of the Voronoi diagram and the Poisson random lattice
is given in [1][2].
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Figure B.1: (Case 1) An example of the Poissonian random lattice with 225 sites. Lattice
sites are in this case randomly located on the plane.

Figure B.2: (Case 2) An example of the Poissonian random lattice with 225 sites. Lattice
sites are in this case randomly located on the plane.
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Figure B.3: (Case 3) An example of the Poissonian random lattice with 225 sites. Lattice
sites are in this case randomly located on the plane.

B.2.2

Vectorizable Random Lattice

Let us describe the idea for the case of a two-dimensional lattice. We first define a regular
(e.g., square) lattice, which we call the reference lattice. The Voronoi cells dual to its sites
are in this case squares that do not overlap and tile the entire space. We call them re f erence
cells. Next, we randomly pick in each cell a point with uniform distribution. These will be
the sites of our direct lattice. The spatial distribution of these points is homogeneous. The
location of these sites are controlled by another cell, where the ratio of the length of master(l)
to slave(a) square cell is called the Randomness factor, mathematically α = l/a The last
step is to define the connectivity of each point according to the usual prescription, take three
belonging to a certain cluster of reference cells around co . We call this cluster the potential
neighbours of xo , and it can be easily determined for each type of lattice. Detail description
about the construction of the Vectorizable Random Lattice (VRL) is given in [3][4].
Here we show in figure B (4-6) the Voronoi cells and random lattice thus produced with
controlling randomness factor α. The lattice in figure B.4 is a relatively regular of triangular
elements as the randomness factor reaches 0.5 the non-uniformity in the shape of the Voronoi
cells and the corresponding lattice lengths. The effect becomes more prominent as the α
value reaches 0.99. The generated lattice starts to mimic the Poisson Random Lattice (PRL).
However, the Voronoi cells are very regular compared to PRL.
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Figure B.4: An example of the vectorizable random lattice with 15x15 sites. The randomness
factor α = 0.1 is used to generate the regular lattice. Notice the regularity in triangle size as
compared to the Poissonian random lattice

Figure B.5: An example of the vectorizable random lattice with 15x15 sites. The randomness
factor α = 0.5 is used to generate the regular lattice. Notice the regularity in triangle size as
compared to the Poissonian random lattice
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Figure B.6: An example of the vectorizable random lattice with 15x15 sites. The randomness
factor α = 0.99 is used to generate the semi-random lattice. Notice the irregularity in triangle
size as compared to the α = 0.1.
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Appendix C
Lattice Model with Embedded
discontinuity
Sometimes you need conflict in order to come up with a solution. Through weakness,
oftentimes, you can’t make the right sort of settlement, so I’m aggressive, but I also get
things done.
Donald Trump

C.1

Introduction

The presented model developed for the rock mechanics failure relies on combining two scales
in order to get the response on the larger macroscale. The Timoshenko beam elements that are
enriched with kinematics enhancements in axial and transversal direction are developed for
representing phase II material and fracture propagation, while phase I material is simulated
with ordinary linear elastic Timoshenko beams without possibility of fracture. The strategy
allows modelling of different composite materials, such as rocks, concrete, ceramics and so
on.
As stated in a previous section, two models for dealing with fracture modes separately and
simultaneously are developed. Softening in modes I and II can occur separately, where shear
causes mode II failure and at the same time compression force increases, which is suitable
for compression test, where mode II failure is dominant. For tension tests when either of the
modes is active, axial and shear force reduces due to simultaneous softening. The developed
models relies on thermodynamics principles. The localized failure is presented by a softening
where the heterogeneous displacement field is used in order to obtain a mesh-independent
response.

156

Lattice Model with Embedded discontinuity

C.1.1

Enhanced kinematics

The localization implies heterogeneous displacement field which no longer remains regular,
even for smooth stress field. In this direction, the displacement field ought to be introduced
and written as the sum of a sufficiently smooth, regular part and a discontinuous part. Furthermore, the axial and transversal displacement fields need to be calculated independently.
Let us consider a lattice element with two nodes of length l e and cross-section A. The
degrees of freedom at each node i ∈ [1, 2] are axial displacement ui , transversal displacement
vi and rotation θi . Standard kinematics model for geometrically linear Timoshenko frame
element from which we obtain the strain measures is
ε(x) =

dv(x)
dθ (x)
du(x)
, γ(x) =
− θ (x), κ(x) =
dx
dx
dx

(C.1)

For this kind of element, we use standard linear interpolation functions for continuum
displacement, The interpolation for beam displacements can be written as:

2

u(x) =

2

∑ Na(x)ua = Nu, v(x) =

a=1

∑ Na(x)va = Nv, θ (x) =

a=1

2

∑ Na(x)θa = Nθ ,

(C.2)

a=1

where u v and θ represent nodal displacement vectors.
The discontinuity in displacement field needs to be separated into regular and singular
part, where latter can be represented as a product of Heaviside function and displacement
jump. The enhanced displacement fields can then be written as
u(x) = ū(x) + α u Hxc

(C.3)

v(x) = v̄(x) + α v Hxc

(C.4)

α u and α v are the displacement jumps and Hxc is the Heaviside function.
The axial and transverse deformation fields also need to be decomposed into regular and
singular parts leading to
ε(x) = ε̄(x) + α u δxc
(C.5)
γ(x) = γ̄(x) + α v δxc

(C.6)

ε̄(x) and γ̄(x) denote the regular parts, δxc Dirac delta function.
From the previous equations, the additional interpolation function M(x) is derived (Figure
A.3), and can be used alongside standard interpolation functions to describe the heterogeneous
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displacement fields with activated jump inside the finite element. The M(x) is defined as
follows:
v1

v2
v

θ1

1

θ2

2

u

1

2

le

M(x)

δxc

G(x)

Figure C.1: Timoshenko beam as a lattice element with standard degrees of freedom and
additional ones related to jumps in the displacement fields

(

x
l e ; x ∈ [0, xc }
1 − lxe ; x ∈ { xc , l e ]

M(x) =

(C.7)

The lattice element displacement interpolations can thus be stated as
2

u(x) =

∑ Na(x)ua +M(x)α

(u)

2

; v(x) =

a=1

∑ Na(x)va +M(x)α

(v)

2

; θ (x) =

a=1

∑ Na(x)θa +M(x)α (θ )

a=1

(C.8)
The discrete approximation of deformation field can be obtained from the displacement field
resulting in:
2

∑ Ba(x)ua + G(x)α (u)

(C.9)

∑ Ba(x)va − Na(x)Θa + G(x)α (u)

(C.10)

ε(x) =

a=1
2

γ(x) =

a=1
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2

κ(x) =

∑ Ba(x)Θa

(C.11)

a=1

Here,
1
1
B1 (x) = − e ; B2 (x) = e
l
l

(C.12)

1
+ δxc , x ∈ [0, l e ]
(C.13)
e
l
As the first derivative of function M(x) is not continuous at the interface, it needs to be
decomposed into regular and singular part. The complete set of generalised strains can finally
be written as
α
ε = (ε, γ, κ)T = Bd + Gα
(C.14)
G(x) = Ḡ + δxc = −

where

C.1.2



B1 0
0
B2 0
0


B =  0 B1 −N1 0 B2 −N2 
0 0
B1
0 0
B2

(C.15)

α = (α (u) , α (v) , 0)T
d = (uu,vv,θθ )T ,α

(C.16)

Equilibrium

The virtual deformations are interpolated in the same way as the real strains
α
δεε = Bδdd + Gδα

(C.17)

The virtual work of internal forces can be written as
int

G

Z le

=

δ εNdx +
0

Gint =

Z le

Z le
0

Z le

δ γV dx +
0

Bδdd )T σ dx +
(B

δ κMdx

(C.18)

α T (Ḡ + δxc )σ dx
δα

(C.19)

0

Z le
0

where
α = (δ α (u) , δ α (v) , 0)T ;σ
σ = (N,V, M)T
δdd = (δuu, δvv, δθθ )T ; δα

(C.20)

The Gint is now separated into classical virtual work of internal forces and additional part
that comes from the enhanced kinematics when discontinuity is activated. The internal force
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vector and the lattice element residual vector due to discontinuity are
f int =

Z le

B T σ dx;hh( e) =

0

Z le
0

(Ḡ + δxc )σ dx

(C.21)

From the condition of residual equation being equal to zero, the internal forces at the
discontinuity ought to be calculated
Z le

he =
0

Z le

(Ḡ + δxc )σ dx =

Ḡσ dx +tt

(C.22)

0

The vector t represents the internal forces at discontinuity where
t =−

Z le
0

(e)

Ḡσ dx;tt = (t (u) ,t (v) , 0)T ;hh( e) = (hu , hev 0)T

(C.23)

From the previous equations, the lattice element virtual work can be written as
Gint − Gext = δdd T ( f int f ext ) + δ α T h (e)

(C.24)
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